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Abstract

We present an approach to the design of feedback control lawsthat stabilize relative equi-
libria of general nonlinear systems with continuous symmetry. Using a template-based method,
we factor out the dynamics associated with the symmetry variables and obtain evolution equa-
tions in a reduced frame that evolves in the symmetry direction. The relative equilibria of the
original systems are fixed points of these reduced equations. Our controller design methodology
is based on the linearization of the reduced equations aboutsuch fixed points. We present two
different approaches of control design. The first approach assumes that the closed loop system
is affine in the control and that the actuation is equivariant. We derive feedback laws for the
reduced system that minimize a quadratic cost function. Thesecond approach is more general;
here the actuation need not be equivariant, but the actuators can be translated in the symmetry
direction. The controller resulting from this approach leaves the dynamics associated with the
symmetry variable unchanged. Both approaches are simple toimplement, as they use standard
tools available from linear control theory.

We illustrate the approaches on three examples, a rotationally invariant planar ODE, an
inverted pendulum on a cart, and the Kuramoto-Sivashinsky equation with periodic boundary
conditions.

Key words: Geometric methods; Differential-algebraic equations; Feedback control; Kuramoto-
Sivashinsky equation.

∗Corresponding author
†Email addresses: sahuja@princeton.edu (S. Ahuja), yannis@princeton.edu (I. G. Kevrekidis), cwrow-

ley@princeton.edu (C. W. Rowley).



1 Introduction

Relative equilibria constitute particular types of solutions in systems with continuous symmetry:
they are steady states in a frame of reference with the symmetry factored out. The dynamics of
systems with symmetry can be thought of as a sum of two components: one associated with the
symmetry variable called thegroup dynamics, and the second associated with the shape of the solu-
tion called theshape dynamics. A relative equilibrium is then a fixed point of the shape dynamics.
As an example, for translationally invariant systems, the relative equilibria are traveling waves or
families of spatially structured steady states.

In the context of mechanical systems that arise from a Lagrangian or a Hamiltonian, stabilization
of relative equilibria has been an active topic of research [8, 9, 21, 22, 11]. The control technique
common to these works is the use of either kinetic or potential shaping to modify the Lagrangian in
order to achieve the desired stability properties. In the works of Bloch et al. [8, 9], a control term
was added to the Lagrangian (leaving the relative equilibrium to be stabilized unchanged) to form
a controlled Lagrangian and the additional terms appearingin the corresponding Euler-Lagrange
equations were identified as the control forces. In [8] relative equilibria were stabilized by kinetic
shaping, which essentially means modifying the kinetic energy by control terms. Potential shaping
was further included in [9], to achieve stability in the fullphase space by breaking the symmetry.
Jalnapurkar and Marsden [21] used potential shaping to stabilize relative equilibria for which the
shape configuration is unstable. This work was extended in [22] to stabilize relative equilibria
in the full phase space. Bullo [11] considered systems on Riemannian manifolds and achieved
exponential stabilization in the full phase space. The workused potential shaping to stabilize the
subspace orthogonal to the symmetry direction and exponential stability was achieved by adding
dissipation. Such mechanical systems (arising from a Lagrangian or a Hamiltonian) often have the
advantage of a readily available Lyapunov function, which not only leads to stability results, but
also naturally allows one to define the domains of stability.Even though the stability achieved by
this method is just Lyapunov stability, adding dissipationcan often lead to asymptotic stability.

Much previous work towards control of more general (not necessarily mechanical) systems with
symmetry focused on linear systems. Brockett et al., [10] considered a system of ODEs, arising
upon discretization of certain PDEs, in which the state and control matrices had ablock circu-
lant structure. Their work exploited the symmetry to save computational effort in solving system
theoretic problems. Linear optimal control problems with symmetry were studied by Lewis and
Martin [30] and Mozhaev [34, 35]. The latter showed that suchproblems can be decomposed into
several smaller independent problems, the dimension of which sums to that of the original system.
Bamieh et al., [6] considered the optimal control problem oflinear, translationally invariant PDEs,
where the feedback law was chosen so as to minimize a given translationally invariant objective or
cost function. They showed that the resulting feedback inherits the translational invariance and that
it can be obtained by solving a one-parameter family of finite-dimensional optimal control problems.
D’Andrea and Dullerud [14] addressed the control problem ofsystems consisting of extremely large
number of interconnected subsystems with a symmetric structure. Their work exploited this sym-
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metry to develop computationally tractable tools for control design. Also see the references listed
in the introduction of [6] for more information along this line of research.

An important early work considering the control of general nonlinear systems with symmetry was
by Grizzle and Marcus [19]. They showed that, under certain conditions, such systems can be
locally or globally decomposed into lower dimensional subsystems. In particular, if the original
system evolves on a manifoldM and the symmetry group acting onM is G, they showed that such
a system can be globally decomposed into two subsystems: oneevolving on the quotient space
M/G and the other on the group space. The work of [19] was extendedin [18] to decompose the
optimal control problem into similar lower-dimensional factors. Rowley et al., [37, 38] obtained
a similar decomposition for uncontrolled systems, and in addition presented different systematic
procedures to define the quotient space for this decomposition; see also Beyn and Thümmler [7]
for different such procedures and Aronson et al., [5] for an application to self-similar problems.
One of the methods described in [37, 38] is what the authors called the method of slices or the
template-based method, which is applicable to systems evolving on an inner-product space. This
method gives rise to a particular set of equations, called the slice or template or shape dynamics, in
which the symmetry is dynamically factored out. These slicedynamics are constrained to evolve on
a subspace that is locally isomorphic to the quotient space,called aslice, and the relative equilibria
are just the fixed points of these dynamics. In this work, we adopt this view of the dynamics to
derive feedback laws that stabilize relative equilibria ofgeneral nonlinear systems with symmetry,
evolving on a vector space.

As it turns out, the template or slice or shape dynamics can beviewed as a set of coupleddifferential-
algebraic equations (DAEs). The algebraic equations constrain the dynamics of the differential
equations to evolve on the slice. There exist substantive tools for feedback control design for DAEs,
for example see [25, 26, 27, 28]. The methods in these papers involve obtaining an equivalent
state-space realization, that is, a purely differential system, which then allows use of traditional
tools from linear or nonlinear control theory. Hariharan and McClamroch [25] considered a linear
system of DAEs and developed a computational procedure using singular value decomposition to
derive an equivalent set of linear ODEs suited for application of linear control techniques. Kumar
and Daoutidis [26, 27, 28] considered a broad class of nonlinear DAEs, developed an algorithmic
procedure for deriving the equivalent state-space realization, and used that as the basis for feedback
controller synthesis.

The aim of this work is to combine the template-based symmetry reduction technique with the
feedback control methodology for DAEs to develop a systematic approach to stabilizing relative
equilibria. The key idea is that in the transformed coordinates (the template or slice dynamics),
relative equilibria are simple fixed points. This enables standard linear control techniques to be
used, even though the relative equilibria themselves may befundamentally nonlinear objects, such
as periodic orbits. Thus, the main contribution of this paper can be viewed as providing a method
by which linear control techniques may be applied to a wider class of nonlinear problems.

The remainder of the paper is organized as follows: in section 2, the method described in [37] is
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used to derive the slice or template dynamics for a general control system with continuous sym-
metry. In section 3 the ideas behind control of DAEs are outlined, and the equivalent state-space
realization of the linearized slice dynamics is derived. This gives equations in a form convenient
for use with linear control theory. In section 4, two different ways of deriving feedback laws that
stabilize a given relative equilibrium are presented. The theory is illustrated using three examples
in section 5: a simple planar ODE, an inverted pendulum on a cart, and a more complicated numer-
ical example, namely, the Kuramoto-Sivashinsky equation in one spatial dimension, with periodic
boundary conditions; finally, a summary is provided in section 6.

2 Formulation

In this section, we first describe themethod of slices introduced in [37] to obtain equations in a frame
of reference in which the symmetry of the system has been factored out. More precisely, given
dynamics on a manifoldM that are equivariant to the action of a Lie groupG, the procedure results
in reduced dynamics that evolve on a submanifold ofM that is locally diffeomorphic to the quotient
spaceM/G. In many standard examples, (e.g., Lie-Poisson or Euler-Poincare reduction [33], in
which M = T ∗G or T G), this quotient space may be constructed explicitly (e.g.,it is g

∗ or g), but
in other examples, such as equivariant PDEs, it is often not clear how to write coordinates on the
quotient space, and this is where the present method is useful.

2.1 Reduction using a template-based method

Consider the evolution equations on ann-dimensional manifoldM with control inputsu ∈U

ż = X(z,u) (1)

wherez(t) ∈ M, ż := dz/dt and the initial condition isz(0) = z0. Suppose that the dynamics of (1)
are equivariant to the action of ad-dimensional Lie groupG. The action ofG on M is Φg : M →
M, that onU is Ψg : U → U and we assume that both actions are free and proper, so that the
quotient spaceM/G is a smooth manifold [33]. The equivariance of (1) implies that ∀z ∈ M, ∀u ∈
U, and∀g ∈ G,

X(Φg(z),Ψg(u)) = T Φg(X(z,u)) (2)

whereT Φg : T M → T M is the tangent of the action onM. Further, we assume that with zero input
u = 0, the vector field in (1) isX(z,0) = X(z).

In what follows, we will use the short-hand concatenation todenote all the group actions:

g · z := Φg(z) ∀z ∈ M, (3)

g · v := T Φg(v) ∀v ∈ T M, (4)

g ·u := Ψg(u) ∀u ∈U. (5)
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Figure 1: Method of slices

The idea behind the method of slices is that we decompose the solution z(t) of (1) and the inputu(t)
as

z(t) = g(t) · z̃(t) (6)

u(t) = g(t) · ũ(t) (7)

whereg(t), z̃(t), andũ(t) are curves inG, M, andU respectively. The value ofg(t) is to be chosen
such that ˜z(t) is constrained in a useful manner: in particular, it evolveson a subset ofM locally
diffeomorphic to the quotient spaceM/G. Substituting (6, 7) into (1) and using equivariance (2),
we obtain

˙̃z = X(z̃, ũ)−ξM(z̃), (8)

where,ξM : M → T M is the infinitesimal generator of the actionΦg in the directionξ (t) = g−1ġ∈ g,
the Lie algebra ofG; it is defined by

ξM(z̃) =
d
ds

∣∣∣∣
s=0

h(s) · z̃, (9)

whereh(s) is a curve inG such thath(0) = Id, dh/ds(s = 0) = ξ . See [37] for the details leading
to equation (8). Note that the vector field (8) is the same as that of (1) with an additional term
subtracted. This additional term depends onξ (t) (and hence ong(t)), the choice of which so far
has been arbitrary. As discussed in [37, 7] there are severalways to place a constraint onξ (t) such
that the dynamics of ˜z(t) are restricted to a subset that is isomorphic toM/G. The template-based
method, or the method of slices, is one such way described in [37].

In order to use the template-based method, we assume thatM is a vector space endowed with an
inner product, denoted by〈·, ·〉. We then choose an elementz0 ∈ M, which we call thetemplate,
and impose a constraint on ˜z(t) so that, in time, it remains “aligned with” the templatez0 in the
following sense:h = Id is a local minimum of‖z̃−h · z0‖. This condition is equivalent to requiring
z̃(t) to lie in an affine spaceSz0 defined by

Sz0 = {z̃ ∈ M | 〈z̃− z0,ηM(z0)〉 = 0, ∀η ∈ g}. (10)
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We call this set the slice throughz0. As shown in figure 1, the sliceSz0 may be interpreted as an
(n−d)-dimensional affine space containingz0 and orthogonal to the group orbit throughz0. It can
be shown that this slice is locally isomorphic to the quotient spaceM/G, consisting of equivalence
classes ofM in which two points inM related by the group action are identified. Thus, in writing
the decomposition (6, 7) and choosing ˜z(t) to lie in the slice, we effectively move to a reference
frame in which the motion in the group direction has been factored out.

Now, differentiating (10) with respect to time and using (8), we find that requiring ˜z(t) to live on the
slice is equivalent to requiring〈 ˙̃z,ηM(z0)〉 = 0,∀η ∈ g. This gives a set ofd algebraic equations for
ξ (recall thatd = dim(G)):

〈X(z̃, ũ)−ξM(z̃),ηM(z0)〉 = 0, ∀η ∈ g. (11)

Equation (11) essentially means thatξ is chosen such that the projection of the vector fieldX(z̃)
and ofξM(z̃) onto the direction perpendicular to the sliceSz0 is the same: refer to the right hand part
of figure 1. Equations (8, 10) are thereduced or slice dynamics of (1) and are evolution equations
for the shape variable ˜z(t). To get the full solutionz(t), we still needg(t), for which we have the
following reconstruction equations:

g−1ġ = ξ (t) (12)

where, for a given ˜z(t), ξ (t) is given by (11). The slice dynamics for the open loop or uncontrolled
equations can be obtained by simply setting ˜u = 0 in (8, 10).

Note that the constraint (11) in general depends on the control input ũ, which means thatξ (t) and
g(t) depend on ˜u. Thus, in general, the control input affects the group variables as well as the
shape variables. We are particularly interested in the way the control input splits between these two
variables.

2.2 Control objective

A fixed point of the slice dynamics of (1) is a relative equilibrium of (1). Assume that ˜zs is a fixed
point of the slice dynamics of (1) with no control input, thatis, z̃s is a fixed point of (8,11) with ˜u = 0.
Then, the corresponding solution of (1) is given byz(t) = g(t) · z̃s, which is a relative equilibrium.

We want to find feedback laws such that ˜zs is an asymptotically stable fixed point of (8), with control,
thus stabilizing the whole group orbitG · z̃s of the original system. We consider two different ways
in which the control input appears in the closed loop equations.

1. Assume that the dynamics are affine in the control input andthat the available actuation is
equivariant. Then, we find feedback laws that minimize a prescribed quadratic cost function
that is invariant to the group action.
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2. Assume that we don’t have equivariant actuators but that the actuators can be “translated”
in the group direction using an additional control input. Then, we obtain feedback laws by
restricting the control to affect only the shape space and not the group space. Such a control
has been calledinternal actuation in [21].

3 Control of DAEs

The slice dynamics (8,10) form a set of differential-algebraic equations (DAEs), and the control
of such systems has been extensively studied; see [15, 40, 12, 13, 25, 26, 27, 28] for examples.
Equation (10) constrains the dynamics of (8) to live on the slice Sz0. That is,Sz0 is an (n− d)-
dimensional invariant subspace of (8,10), and it is the dynamics on this subspace that we want to
control.

The feedback control problem of a class of nonlinear DAEs that is relevant to our work was ad-
dressed in [26, 27, 28]; the procedure developed in these papers is as follows. First, an algorithmic
procedure is outlined to eliminate the constraints and obtain an equivalent state-space realization of
the DAEs. The feedback synthesis is based on this state-space realization, using tools from linear or
nonlinear systems. The slice dynamics fall under this classof DAEs and we use the same procedure,
outlined as follows, to derive a state-space realization and derive stabilizing feedback laws:

1. Differentiate the algebraic constraint (10) with respect to time and use the ODEs (8) to obtain
an explicit expression forξ in terms of ˜z (11).

2. Substitute forξ in (8) to get a set ofn-ODEs, which have the sliceSz0 as ad-dimensional
invariant subspace. As we will show more explicitly later inthis section, the slice is an affine
subspace ofM.

3. Linearize the ODEs about the relative equilibrium, whichis a fixed point of this system. Since
the slice dynamics have the slice as alinear invariant subspace, the resulting linearized ODEs
also have the same invariant subspace.

4. Use equation (10) of the sliceSz0 to eliminated equations from (8) to get an(n−d)-dimensional
state space realization.

5. Use tools from linear control theory to find stabilizing feedback laws.

3.1 Linearization about a relative equilibrium

Here, we derive an expression for the linearization of the slice dynamics about the fixed point in the
slice. For that, it is helpful to use the fact that the infinitesimal generatorξM(z) is linear inξ and
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thus can be expressed in the following form:

ξM(z) = Y (z)ξ (13)

whereY (z) : g → TzM is linear. Assuming thatM is an inner product space and using (13), the
equation of the slice (10) simplifies as follows:

〈z− z0,Y (z0)η〉 = 0, ∀η ∈ g, (14)

=⇒ Y ∗(z0)(z− z0) = 0. (15)

whereY ∗(z0) : T M → g is the adjoint ofY (z0). Thus, the sliceSz0 is the space of all vectorsz− z0

in the null space ofY ∗(z0) and this subspace forms an(n−d)-dimensional affine subspace.

With the form (13) of the infinitesimal generator, we can obtain an explicit form forξ that appears
in the slice dynamics (8). Sinceξ satisfies (11), we have

〈X(z̃, ũ)−Y (z̃)ξ ,Y (z0)η〉 = 0, ∀η ∈ g. (16)

Thus, ξ =
(

Y ∗(z0)Y (z̃)
)−1

Y ∗(z0)X(z̃, ũ). (17)

Substituting forξ into (8) from (17) results in a purely differential system ofequations.

We assume that the template has been chosen such that(Y ∗(z0)Y (z̃))−1 exists. However, this condi-
tion is usually not restrictive. In mechanical examples, the quantityY ∗(z0)Y (z0) is thelocked inertia
tensor [32], and intuitively, its invertibility is equivalent to the mass matrix being nonsingular. We
will further explore the physical significance of this assumption with specific examples in section 5.
Note thatY (z0) will be one-to-one as long as the action is free atz0, soY ∗(z0)Y (z0) will always be
invertible in this case. Hence, continuity ofY guarantees thatY ∗(z0)Y (z̃) will be invertible if z̃ is suf-
ficiently close toz0. This is the case we consider most often, in which we choose the templatez0 to
be the fixed point we linearize about. Also note that if we use atime-varying templatez0 = z̃(t) and
assume the action is free at ˜z, thenY ∗Y will always be invertible. This choice of a time-dependent
template gives a different method for deriving reduced dynamics, which was introduced in [37]
and called themethod of connections. However, unlike the method of slices, the resulting reduced
dynamics do not have an invariant subspace (in the terminology of [37], the connection is not flat)
containing a unique equilibrium. As our control method relies on the existence of such an invariant
subspace, we use the method of slices throughout this paper.

Now we are ready to derive an expression for the linearized dynamics in the neighborhood of a fixed
point z̃s. Let z̃ = z̃s + w andũ = 0+ v, where‖w‖,‖v‖ ≪ 1 are small perturbations about the fixed
point and zero input. We think ofw as a perturbation restricted to lie within the slice. Substituting
this expansion in (8), whereξ is given by (17), and simplifying gives (refer to appendix A for a
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derivation)

ẇ =PSz0

(
Dz̃X(z̃s,0)w + DũX(z̃s,0)v

)
(18)

− PSz0
Dz̃Y (z̃s)w

(
Y ∗(z0)Y (z̃s)

)−1
Y ∗(z0)X(z̃s,0)+ O(2)

def
= PSz0

(Âw + B̂v)+ O(2), (19)

whereO(2) represents terms second or higher order inw andv. Here,PSz0
is a projection onto the

slice, i.e., the space orthogonal to the range ofY (z0):

PSz0
= I−Y (z̃s)

(
Y ∗(z0)Y (z̃s)

)−1
Y ∗(z0). (20)

The linearization (19) clearly has an invariant subspace that lives on the sliceSz0. That is (19)
identically satisfy the constraint (15), which in terms ofw is:

Y ∗(z0)w = Y ∗(z0)(z̃s − z0) = 0. (21)

Now, (20) is symmetric iffz0 = z̃s, that is, if the template is chosen to be the fixed point. In that
case, (20) is anorthogonal projection onto the space orthogonal to the columns ofY (z̃s). In what
follows and in the rest of this paper, we will assume that the template chosen to define the slice
Sz0 is the fixed point of the slice dynamics, ˜zs. Our control design in later sections is based on the
linear part of equations (19). In particular, we will use LQRto derive optimal feedback laws that
stabilize ˜zs.

3.1.1 Linearization about a fixed point

In the special case of the relative equilibrium that is also asteady state of the full dynamics (in which
case a continuum of such steady states exist), the linearized equations (19) take a much simpler form.
For this case, we haveX(g · z̃s,0) = 0,∀g ∈ G and hence the linearized slice dynamics (19) become:

ẇ = PSz̃s
(Dz̃X(z̃s,0)w + DũX(z̃s,0)v)+ O(2) (22)

def
= PSz̃s

(Aw + Bv)+ O(2). (23)

This implies that for linearization about a fixed point of (1), the following diagram commutes:

ż = X(z,u)
lin. about ˜zs−−−−−−−−→ ẇ = Aw + Bv

↓ slice dynamics ↓ PSz̃s
(24)

˙̃z = X(z̃, ũ)−ξM(z̃)
lin. about ˜zs−−−−−−−−→ ẇ = PSz̃s

(Aw + Bv).

In words, the linearization of the slice dynamics about its fixed point is the same as the projection of
the linearized original dynamics (about the same point) onto the slice defined with that fixed point
as a template.
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3.2 State-space realization

Here, we find an equivalent state-space realization of the linear DAEs (19, 21) by using the con-
straint equation (21) to eliminated equations from (19). First, we writew = (ws,wg), where
ws ∈ Rn−d andwg ∈ Rd. Then the equations (19) can be written as

(
ẇs

ẇg

)
=

(
As1 Ag1

As2 Ag2

)

︸ ︷︷ ︸
PSz̃s

Â

(
ws

wg

)
+

(
Bs

Bg

)

︸ ︷︷ ︸
PSz̃s

B̂

v. (25)

Similarly, the constraint (21) can be written as

(
Y ∗

s (z̃s) Y ∗
g (z̃s)

)
︸ ︷︷ ︸

Y ∗(z̃s)

(
ws

wg

)
= 0. (26)

Here,Y ∗
s has dimensionsd × (n− d) andY ∗

g has dimensionsd × d. The splittingw = (ws,wg) is
chosen such thatY ∗

g (z̃s) is invertible, so that we can expresswg in terms ofws. This can always be
done asY (z̃) has full rank. Thus, we have

wg = −(Y ∗
g (z̃s))

−1Y ∗
s (z̃s)ws

def
= Λws. (27)

Then the state space realization is obtained by substituting (27) in the ˙ws equations in (25). The
resulting equations are:

ẇs = (As1 + Ag1Λ)ws + Bsv
def
= Asws + Bsv. (28)

Various properties of the linear DAEs such as controllability and stabilizability can now be stated
based on the state equations.

3.3 Controllability and stabilizability

A simple check for controllability of the sliceSz0 is as follows. Construct the controllability test
matrix corresponding to the pair(PSz0

Â,PSz0
B̂) of (19):

C = PSz0

[
B̂ (ÂPSz0

)2B̂ . . . (ÂPSz0
)n−1B̂

]
. (29)

Since the span ofC defines the controllable subspace of (19), the sliceSz0 is a controllable subspace
of (19) iff rank(C) = n − d. SinceC is independent of the splitting (26), controllability of the
slice is also independent of this splitting. However, in general, controllability does depend on the
templatez0 chosen to define the slice.
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There is another equivalent test for controllability of (19), which arises from the theory of control of
linear DAEs of the formEẋ = Āx+ B̄u, whereE is singular. Such systems are treated, for example,
in [12, 13, 15]. To express our system in this form, we ignore the differential equations in the
variablewg from (25) and augment the system with the algebraic equations (26). This gives us the
following set of DAEs:

(
I 0
0 0

)

︸ ︷︷ ︸
E

(
ẇs

ẇg

)
=

(
As1 Ag1

Y ∗
s (z̃s) Y ∗

g (z̃s)

)

︸ ︷︷ ︸
Ā

(
ws

wg

)
+

(
Bs

0

)

︸ ︷︷ ︸
B̄

v. (30)

The above equations are indeed in the formEẋ = Āx+B̄u, whereE is a singular matrix with rankn−
d. Then, from theorem 2-2.1 on page 29 of [15], we have the following condition for controllability:
Sz̃s is a controllable subspace of (19) iff

rank
[
sE − Ā B̄

]
= n, ∀s ∈ C, s finite. (31)

4 Feedback control design

In this section, we use the state-space representation of the linearized slice dynamics (28) to derive
optimal feedback laws that asymptotically stabilize the relative equilibria. First, we find the feed-
back laws for the linearized reduced system and then we derive the form that these laws take in the
full space. Essentially, we could use pole placement to find the feedback gain such that the poles of
the resulting closed loop system are in the left half complexplane. We could also use LQR to find
feedback laws that minimize a given cost function, quadratic in ws andv. The trouble with these
approaches is that in general the resulting feedback law depends on the way we splitw into (ws, wg).
In order to circumvent this problem, we define the cost function in terms of theoriginal variablesz
andu. Then, we use (27) to derive the form this cost function takesin terms of the reduced variables
ws andv. The resulting feedback law is then independent of the choice of (ws, wg).

4.1 Optimal control with equivariant actuation

We assume that the closed loop dynamics (1) are affine in the control input:

X(z,u) = X(z)+ H(z)u. (32)

Equivariance of (32) implies thatH(z) has to satisfy the following property:

H(Φg(z))◦Ψg = TzΦg ◦H(z), ∀g ∈ G, ∀z ∈ M. (33)

We seek a feedback law foru such that ˜zs is a stable fixed point of the slice dynamics of (1,32) and
the following cost function is minimized:

J[z̃, ũ] =
∫ ∞

0

(
〈z̃− z̃s,Q(z̃− z̃s)〉+ 〈ũ,Rũ〉

)
dt. (34)
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whereQ : M → M andR : U → U are positive definite weights. The cost (34) is prescribed tobe
invariant to the action ofG, that is,J[Φh(z),Ψh(u)] = J[z,u], ∀h ∈ G. This in turn imposes the
following restrictions onQ andR:

Q = Φh−1 ◦Q◦Φh, (35)

R = Ψh−1 ◦R◦Ψh, ∀h ∈ G. (36)

Using (6,7), and the invariance (36), the cost (34) in terms of the original variablesz andu is given
by

J[z,u] =
∫ ∞

0

(
〈g−1 · z− z̃s,Q(g−1 · z− z̃s)〉+ 〈u,Ru〉

)
dt, (37)

whereg is as defined in the reconstruction equation (12); it is the action that alignsz with the
template ˜zs. Then, substituting ˜z = z̃s + w andũ = v in (34) gives the cost function in the variables
(w,v). Thus, the problem of finding an optimal feedback law is the same as finding (w(t),v(t)) that
satisfy (19, 15) and minimizeJ[w,v].

As in the previous section, to obtain the state-space realization, we use the constraint (26) to elim-
inatewg from the cost function; that isJ[(ws,wg),v] = J[(ws,Λws),v]. The cost function thus ob-
tained in terms ofws only by using (27) is

J[ws,v] =
∫ ∞

0

(
〈ws,Q̃ws〉+ 〈v,Rv〉

)
dt. (38)

It can be easily shown that

if Q =

(
Q11 Q12

Q21 Q22

)
, (39)

then Q̃ = Q11+ Q12Λ+ Λ∗Q21+ Λ∗Q22Λ. (40)

The optimal control problem can now be stated as follows: finda feedback lawv = K̃ws such that
(ws,v) satisfy (28) and minimize the reduced cost (38). If (28) is controllable, we have a standard
result from linear systems theory that the optimal feedbacklaw v = K̃ws is given byK̃ = −R−1B∗

s M
whereM, which is symmetric and positive definite, is obtained by solving the following(n− d)-
dimensional algebraic Riccati equation:

MAs + A∗
s M−MBsR

−1B∗
s M + Q̃ = 0 (41)

Here, we would like to mention some similarity with the work of [13] which considered the problem
of finding an optimal feedback law for linear DAEs of the form mentioned earlier in section 3.3,
that isEẋ = Ax+Bu. The author showed that the optimal control can be found by solving a Riccati
equation of orderp, wherep is the rank ofE; this is exactly what our method involves as well.
As mentioned earlier, our control problem is just a special case of that considered in [13] which
considers more general systems of DAEs. In general, if the initial conditions are not consistent with
the algebraic constraints, the behavior of the system of DAEs consists of impulses at the starting
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time; [13] accounts for such initial conditions as well. We do not consider such initial conditions as
we considered perturbations restricted to the slice while deriving the linearized equations.

Finally, the feedback law can be expressed in the original variablesw by expressingws in terms
of w:

ws = (I + Λ∗Λ)−1(
I Λ∗)w. (42)

Here,I + Λ∗Λ is invertible asΛ∗Λ is Hermitian and positive definite. Thus,

v = K̃ws = K̃(I + Λ∗Λ)−1(
I Λ∗)w

def
= Kw. (43)

4.1.1 Form of feedback law in the original frame

Now we derive the form that the feedback law (43) takes in the original framework. Since we
restricted the closed loop system to be linear inu, thenũ is the same as its linearizationv; thus

ũ = Kw = K(z̃− z̃s) (44)

∴ Ψg−1(u) = K(Φg−1(z)− z̃s) using(6,7) (45)

or u = Ψg ◦K(Φg−1(z)− z̃s). (46)

Here,g(t) is given by solving the reconstruction equation (12) and it represents a “translation” ofz
to the sliceSz̃s . Also, it can be easily shown that the control law (46) is independent of the template
chosen, provided that the template is a group shift of ˜zs. The choice of feedback law (46) foru can
be described using figure 2 as follows. Choose ˜z to be a group shift ofz by an amountg−1 such that
z̃ lies in the slice defined using the template ˜zs. Then, evaluate the difference ˜z− z̃s and act on it by
the feedback gainK, which gives the input ˜u. Finally, the inputu is just a group shift of ˜u by the
same amountg.

4.2 Amplitude and phase actuation

Here we consider a second approach to control design, where we allow for more general actuators.
We do not assume that the given actuator is equivariant to thegroup action, but we assume that the
equivariance of the closed loop vector field results from a freedom to “move the actuator” in the
group direction. That is, we assume the closed loop equations to be of the form:

ż = X(z)+
m

∑
i=1

T Φhi ◦biui, (47)

wherebi : R → T M are the actuators, andui ∈ R andhi ∈ G are the control inputs. We can think
of the inputhi as being thephase and the inputui being theamplitude of actuatorbi. The control
spaceU is defined asm(≤ dim(M) = n) copies ofR×G, and the actionΨg onU is

Ψg · (ui, hi) = (ui, g ·hi), i = 1,2, . . . ,m. (48)
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z̃ = g−1 · z

g · z̃s

z̃s

K

ũ = K(z̃− z̃s)

u = g · ũ

Orb(ũ)

Sz̃s

M U

Orb(z)

Figure 2: Feedback control using the method of slices

Note that each actuator can be moved independently in the group direction, that is, the phase of each
actuatorbi can be separately prescribed by the control inputshi.

As in section 2, in order to derive the slice dynamics of (47),we writez = Φg(z̃), where ˜z ∈ Sz̃s . The
resulting equations are:

˙̃z = X(z̃)+
m

∑
i=1

T Φg−1hi
◦biui −ξM(z̃), (49)

where we rewrite the expression forξ from (17) as:

ξ =
(

Y ∗(z̃s)Y (z̃)
)−1

Y ∗(z̃s)
(

X(z̃)+
m

∑
i=1

T Φg−1hi
◦biui

)
. (50)

Now, in order to derive feedback laws, we first need to linearize the slice dynamics about the fixed
point and a zero amplitude control input. For that, we writez = z̃s + w and ui = 0+ vi and the
resulting equations are:

ẇ = PSz̃s
(Âw +

m

∑
i=1

T Φg−1hi
◦bivi)+ O(2), (51)

whereÂ is the same as defined in (19). The above equations are nonlinear in the control inputhi and
hence not in a form appropriate for using linear control techniques. However, if we choosehi to be
g ·ci, whereci ∈ G is a constant, then the resulting equations will be linear inw andv. The choice of
these constantsci comes from a phase condition which is explained as follows. We chooseci such
that the control termdoes not act in the group direction. This is the same as a choice that gives a
zero contribution of the control term toξ in (50). That is,ci are given by

Y ∗(z̃s)(T Φci ◦bi ui) = 0, ∀ui ∈ R, i = 1,2, . . . ,m. (52)
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This choice ofci means that the group variableg, which depends onξ , is not affected by the control
input and the resulting control acts only on the shape space.The linearized equations (51) thus
become

ẇ = PSz̃s
(Âw + B̂v)+ O(2), (53)

wherev = (v1,v2, . . . ,vm)T andB̂ is comprised of columnsci · bi. Equation (53) is in the form for
linear control design and we can proceed to derive feedback laws forv as described in the previous
section.

The amplitudev is chosen such that(w, v) minimize a quadratic cost function, which in this case is

J[z̃,u] =
∫ ∞

0

(
〈z̃− z̃s,Q(z̃− z̃s)〉+ 〈u,Ru〉

)
dt, (54)

whereu = (u1,u2, . . . ,um)T . Q is again equivariant to the actionΦg and has to satisfy (35). But
since the actionΨg leavesu unchanged,R can be an arbitrary, positive-definite,m×m matrix. The
resulting control law is optimal in the sense that the inputsui are chosen such that they minimize
the cost (54); however, the choice of the other inputshi does not come from an optimality criterion,
but from an imposed phase condition.

Note that the choice of the control inputshi = g · ci implies that the phase of the actuators differs
from the group variable just by a constant. This means that the actuators appear “stationary” in the
reduced frame of reference and their “phase-difference” isalways constant. We will demonstrate
with the help of a numerical example that this choice of the phasehi, in general, is not the best
choice; that is, different phase conditions might lead to cheaper or more efficient controllers.

5 Examples

In this section, we illustrate our control methodology withthe help of three examples. First, we
consider a simple planar, rotationally invariant system and derive feedback laws to stabilize an
open-loop unstable limit cycle. Then we consider a physicalexample, that of stabilizing an inverted
pendulum on a cart, which was previously considered in [8] toillustrate the method of controlled
Lagrangians. Finally, we consider a translationally invariant PDE in one spatial dimension, for
which we derive feedback laws to stabilize traveling waves and present numerical results.

5.1 A planar ODE system with rotational symmetry

We consider (1) to be a system of ODEs onM = R2 with the symmetry group acting onM being
G = SO(2). Then, forz ∈ R2 andθ ∈ S1, the group action isΦθ (z) = Rθ z, whereRθ is rotation
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through an angleθ ∈ [0,2π). Equivariance of (1), with no control, implies thatX(Rθ z) = Rθ X(z).
We consider the following particular example, wherez = (x,y):

ẋ = −x− y+ x
√

x2 + y2, (55)

ẏ = x− y+ y
√

x2 + y2. (56)

In polar coordinates(r,θ), the above equations are:

ṙ = r2− r, θ̇ = 1. (57)

This system hasr = 1 as an unstable limit cycle or a relative equilibrium, whichwe want to stabilize.
Note that in polar coordinates, the shape dynamics (r) and the group dynamics (θ ) are decoupled.
So, a simple control technique is to just ignore theθ -dynamics in (57) and add a control term of the
form Bu to ther-equation, where the inputu = K(r− 1) with K chosen such thatr = 1 is stable.
This control retains the symmetry of the system and stabilizes the relevant relative equilibrium, the
limit cycle r = 1. Here instead, we work with equations (56) in Cartesian coordinates to illustrate
our template-based control technique.

We first derive the reduced or slice dynamics of the above system. The infinitesimal generatorξM(z)
can be obtained from (9) by:

ξM(z) =
d
ds

∣∣∣∣
s=0

Rφ(s)z = ξ
(

0 −1
1 0

)
z

def
= ξ Jz, φ(0) = 0,ξ =

dφ
ds

(s = 0), (58)

whereξJ ∈ g = so(2) is an element of the Lie algebra ofG. Comparing with (13), we note that
Y (z) = Jz. Next, we define the sliceSz0. Let the templatez0 be a particular point on the limit cycle
r = 1, that isz0 = (cosβ ,sinβ ), for someβ ∈ [0,2π). Then using (15), the sliceSz0 is given by

−sinβ x+cosβ y = 0 (59)

which is a straight line through the origin andz0. The slice dynamics can be obtained by writing
z = Rθ z̃, where ˜z ∈ Sz0 andθ is a rotation ofz to the line defined by (59); see figure 3. The resulting
equations for ˜z are:

˙̃z = X(z̃)−ξ J z̃, (60)

whereξ is given by (19). Then, we differentiate (59) with respect totime and use (60) to find
an explicit expression forξ . In this example, we pickβ = tan−1(2), and the resulting open loop
expression forξ is

ξ =
(3x+2y)− (2x− y)

√
x2 + y2

x+2y
. (61)

Equations (60,59) are the reduced or slice dynamics and theyform a set of DAEs with two differ-
ential and one algebraic equations; the relative equilibrium r = 1 is a fixed point(1/

√
5,2/

√
5) of

these equations.
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R−θ z
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Figure 3: Planar rotationally invariant system.

5.1.1 Equivariant actuation

Consider the closed loop vector field to be of the form (32), that is affine inu. Suppose thatu ∈U =
R2 and that the action ofG onU is Ψθ = Φθ . Equivariance ofH(z) implies thatH(z)Rθ = Rθ H(z).
That is,H(z) is of the form:

H(z) =

(
a(r) −b(r)
b(r) a(r)

)
∀z ∈ R

2, r =
√

x2 + y2 (62)

Here, we chooseH(z) to be a constant witha(r) = 2 andb(r) = 1. Lettingz̃ = z0+(wx, wy) andu =
0+ v, the linearization of the closed loop slice dynamics about the fixed pointz0 = (1/

√
5,2/

√
5)

is given by (19):

ẇ =

(
ẇx

ẇy

)
=

1
5

(
1 2
2 4

)(
wx

wy

)
+

1
5

(
4 3
8 6

)
v. (63)

One easily checks that (63) has an invariant subspace definedby the constraint (59). Now, as in (25,
26), we writew = (ws,wg) and eliminate one of the equations from (63). Equation (59) is analogous
to (26) and, for our choice ofβ , we can either expresswx in terms ofwy or vice-versa. Ifβ = 0,
then (63) would becomewy = 0 and we can eliminate only thewx equation from (63); similarly, for
β = π/2, we can eliminate only thewy-equation. We letws = wx andwg = wy, so that from (59) we
havewg = (tanβ )ws = 2ws := Λws. We use this to eliminate the equation forwg from (63) to get

ẇs = ws +
1
5

(
4 3

)
v

def
= Asws + Bsv. (64)

Now, clearly (64) is controllable, as the rank ofBs is 1. This implies that the sliceSz0 is a controllable
subspace of (63).
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Optimal control design. Invariance of the cost function (37) to the group action imposes a restric-
tion onQ, R, which is the same as that onH(z̃) in (62). But since they also have to be symmetric
and positive definite,Q, R can only be multiples ofI. We chooseQ = R = I. Then, eliminatingwg

from (37), the modified cost function is

J[w,u] =
∫ ∞

0

(
(w2

s + w2
g)+ vT v

)
dt =

∫ ∞

0
(5w2

s + vT v) dt. (65)

Thus, the weight in the reduced cost function (38) isQ̃ = 5. The LQR problem to be solved is: find
the feedback lawv = K̃ws such that(ws,v) solve (64) and minimize (65). The 1D Riccati equation
to be solved, as in (41) is

M2−2M−5 = 0 =⇒ M = 1+
√

6. (66)

Then,K̃ = R−1BsM = BsM andv = K̃ws, where, as shown in (42),ws can be expressed in terms of
w as:

ws =
1
5

[
1 2

]
w

def
= Γw. (67)

Finally, the feedback law in terms ofw is

v = −1+
√

6
25

(
4 8
3 6

)
w

def
= Kw. (68)

The feedback law in the original framework is given by (46), with Φg = Rθ where−θ is the angle
of rotation to the slice (refer figure 3). The closed loop system in polar coordinates becomes,

ṙ = −r + r2−κ(r−1), θ̇ = 1, (69)

whereκ = 1+
√

6. Thus, the resulting control does not affect the group variables, just the shape
variables. This may appear as a convoluted way to design an obvious controller, but it serves to
illustrate the mathematical machinery in a transparent example.

5.1.2 Amplitude and phase actuation

We now consider a more general system of the form (47) withm = 1; that is we have one actuator
that is not equivariant but can be rotated about the origin. We consider a controller of the formRα Bd,
whered ∈ R andB : R → R2 (We use the symbolα here, instead ofh used in (47)). The control
inputs are(d,α) ∈ U = R×G and the action ofG on U is Ψθ (d,α) = (d,α + θ). If we choose
B = (a(r), b(r))T wherea, b are defined as in (62), then it is easy to see that the resultingcontrol
is the same as in the previous section if we identifyu = (u1,u2) with (d cosα ,d sinα). However,
the choice of the inputs is different in the two cases. In thiscase, the slice dynamics for (47) can be
obtained by decomposingz = Rθ z̃:

˙̃z = X(z̃)+ Rα−θBd−ξJz̃, (70)

18



whereξ is given by

ξ =
〈X(z̃)+ Rα−θBd,Jz̃s〉

〈Jz̃,Jz̃s〉
. (71)

As discussed in section 4.2, we chooseα such that the control term does not affectξ . That is, from
(71), we chooseα such that

〈Rα−θ Bd,Jz̃s〉 = 0 ∀d ∈ R. (72)

With the given form ofB = (a, b)T , and again choosinga = 2 andb = 1, this simplifies to:

α −θ = β − tan−1(−b/a) = tan−1(3/4). (73)

Using (73) in (70) and expressing ˜z = z̃s + w, we get the linearized slice dynamics:

ẇ =

(
ẇx

ẇy

)
=

1
5

(
1 2
2 4

)(
wx

wy

)
+

(
1
2

)
d. (74)

As in (63, 64), we use the equation of the slice (59) to eliminate the equation forwy. That is, we
substitutewy = 2wx in (74) to get

ẇx = wx + d
def
= Aswx + Bsd. (75)

Now, we can derive an optimal feedback law for (75). The matricesQ andR in the cost function are
chosen to be equal to 2 and 1-dimensional identities respectively. The Riccati equation to be solved
in this case turns out to be the same as (66). Thus, the feedback law for d is

ε = −BsMwx = −BsMΓw using (67) (76)

=
1+

√
6

5

(
2 1

)
w

def
= Kw. (77)

Finally, the feedback law in the original frame is given by

d = K(R−θ z− zs). (78)

Thus, the inputsd and α are given by (78) and (73) respectively. With this control the closed
loop equations in polar coordinates happen to be the same as (69). Thus, for this example, both
approaches yield the same feedback laws. This is not the casein general, though, as illustrated in a
following section.

5.2 Inverted pendulum on a cart

We now consider a physical example: that of stabilizing an inverted pendulum on a cart. We will
also compare our controller with that obtained in [8] using the method of controlled Lagrangians.
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We first derive the equations of motion. Lets be the cart position andφ be the pendulum angle
measured clockwise from the vertical axis; the Lagrangian of the system is:

L(φ ,s, φ̇ , ṡ) =
1
2
(m1l2φ̇2 +2m1l cosφ ṡφ̇ +(m1+ m2)ṡ

2)−m1gl cosφ , (79)

wherem1 and m2 are the pendulum and the cart masses, andl is the pendulum length. As the
Lagrangian is independent ofs, the equations of motion are invariant to translations of the cart. The
momenta conjugate toφ ands are

pφ = m1l2φ̇ + m1l cosφ ṡ and (80)

ps = (m1 + m2)ṡ+ m1l cosφφ̇ , (81)

and the equations of motion are




φ̇
ṡ

ṗφ
ṗs


 =




γ pφ−β cosφ ps

αγ−β2 cos2 φ
α ps−β cosφ pφ
αγ−β2 cos2 φ

−Dsinφ −β sinφ ṡφ̇
0


 , (82)

whereα = m1l2, β = m1l, γ = m1 + m2, andD = −m1gl. Define the state asz = (φ , s, pφ , ps),
z ∈ M, where we think ofM as beingR4. (Note that actuallyz ∈ S1×R3; however, as our control
objective is only to achievelocal stabilization of relative equilibria, it suffices to use a local chart
on M). The symmetry groupG acting onM is (R,+), corresponding to translations ins. The
relative equilibria that we attempt to stabilize areφ = φ̇ = 0 and ˙s = v, a constant, which correspond
to inverted pendulum on a cart moving with a constant velocity v.

We now define the slice and derive the slice dynamics. The infinitesimal generator isξM(z) =
ξ (0,1,0,0), whereξ ∈ R = g, the Lie algebra ofG. If we choose the template to be the origin,
the slice is defined by the set{z̃ | 〈z̃,ηM(z̃)〉 = 0,∀η ∈ R}, which is the sets = 0. Then, the slice
dynamics are given by subtractingξM(z̃) from (82) and imposing the constraints = 0. It can be
easily verified that the equivalent slice dynamics are ˙s = 0, with the equations in the other variables
remaining unchanged. Thus, the state-space realization ofthe slice dynamics is obtained by just
ignoring thes-equation from (82). The template-based method seems trivial here as the shape and
the group spaces are already decoupled. This is comparable with the previous example of a planar
rotational system. As we saw there, when written in polar coordinates, the group spaceθ and the
shape spacer were also decoupled. In general, such a decomposition mightnot always be possible,
as in the same example written in Cartesian coordinates; thetemplate-based reduction is non-trivial
and useful for such cases. The template-based control design for the inverted pendulum is based on
the linearization of the remaining three equations about the origin. Here, we define a quadratic cost
function in terms of the reduced state(φ , pφ , ps) and the inputu and use LQR to find the gaiñK that
stabilizes the origin.

In order to compare with [8], we consider a control input onlyin the direction of the cart, that is,
we consider a control term of the form(0,0,0,u). Thus,u ∈U = R and we assume that the group
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action leaves this input unchanged, i.e.,u is independent ofs. We demonstrate our results using some
specific numerical values, same as those used in [8]:m = 0.14, M = 0.44, l = 0.215. In particular,
we attempt to stabilize the inverted pendulum on a stationary cart (v = 0). The eigenvalues of the
linearization of the reduced uncontrolled system about this equilibrium are(±7.751,0) and so the
equilibrium is unstable. The eigenvalues of the linearization of the reduced closed loop system (28)
are tabulated in table 1 along with the feedback gainsK̃ defining the feedback law (43) for different
weights in the cost function (38). Note that asK is increased, the eigenvalues approach the values
corresponding to the minimum energy control,(−7.751,−7.751,0).

Q̃ R Gain,K̃ closed loop eigenvalues
diag(1,0,10) 10 (12.84, 337.35, -16.51) (-0.998, -7.755± 0.22i)
diag(1,0,10) 100 (11.83, 310.92, -15.82) (-0.316, -7.752± 0.07i)
diag(1,0,10) 1000 (11.52, 302.60, -15.60) (-0.100, -7.752± 0.02i)

Table 1: LQR gains. Here, “diag” implies a diagonal matrix with its diagonal entries in parentheses.

Now, the control law derived in [8] is

u =
κβ sinφ(αφ̇2 +cosφD)− c

(
α − β 2

γ cos2 φ
)(

(λ (κ +1)+1)β cosφφ̇ + λ γ(ṡ− v)
)

α − β 2

γ (1+ κ)cos2 φ
(83)

where,κ , c, andλ are the control gains. We takeλ = 0.01 andc = 50, as in [8], but we tune the
value ofκ to give an improved transient response, takingκ = 8. For this value ofκ , the domain of
attraction isφ ∈ (−0.8251,0.8251). If a larger value ofκ is used, this domain of attraction increases,
but the transient response becomes worse, with a significantovershoot, and many oscillations before
reaching equilibrium. The linearization of (83) about the relative equilibrium can be written in
the formu = K̃w and the feedback gain thus obtained isK̃ = (9.3618,214.227,−10.7941). The
resulting closed loop eigenvalues are(−0.592,−5.101± 2.611i). These values can be compared
with those in table 1. We see that the control gains resultingfrom the controlled Lagrangian method
are comparable to those from the template-based method.

We also compare the performance of the two controllers usingMatlab simulations. Figure 4 shows
the time histories of the pendulum angle, the cart position,and the control input, for the controlled
Lagrangian method and for theR = 100 case in table 1. The initial angle isφ(0) = 0.5, the initial cart
position is at the origin, and the initial pendulum and cart velocities are zero. With both methods,
the pendulum comes to rest at the upright positionφ = 0, while the cart moves a considerable
distance before coming to rest. The response from the two controllers is similar, and each approach
has advantages: in the template-based method, standard linear tools can be used to obtain optimal
gains. However, only local stability is guaranteed, while in the controlled Lagrangian method, the
domain of attraction is explicitly obtained.
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Figure 4: Comparison of template-based LQR (solid line) andthe controlled Lagrangian method
(dashed line).

5.3 A spatially distributed example: the Kuramoto-Sivashinsky equation

Here, we illustrate our control methodology using a less simplistic example. We consider a dissipa-
tive PDE, the Kuramoto-Sivashinsky (K-S) equation

zt = −zzx − zxx −νzxxxx, x ∈ [0,2π), (84)

in one spatial dimension and with periodic boundary conditions. That is,z ∈ M = L2([0,2π]), the
space of 2π-periodic, square integrable functions. This system is translationally invariant, that is
equation (84) is equivariant under the action of the additive groupG = (R,+). The group action is
given byΦg(z(x)) = z(x+ g) andT Φg = Φg. The infinitesimal generator obtained using (9) is

ξM(z) = ξ zx. (85)

Physically,ξ is the speed of travel in the group direction.

The K-S equation exhibits complex dynamics for different values of the viscous parameterν . Vari-
ous analytical and numerical studies have been performed onthe equation; for example, see [24, 4]
and the references therein. Here, we restrict our attentionto two different values ofν , for which
we try to stabilize different types of unstable relative equilibria: steady states, and traveling waves.
For ν = 4/20, we will try to stabilize an unstable open loop traveling wave (actually, the equa-
tion possesses two of them, one left-traveling and one reflection-symmetric right-traveling one);
for ν = 4/15, we will try to stabilize a ring of open-loop unstable spatially nonuniform steady
states. Figure 5 shows numerical results demonstrating that the transients are eventually attracted to
a heteroclinic loop atν = 4/20 and to a stable traveling wave atν = 4/15; see [24]. Our goal is to
find feedback laws that stabilize members of these two types of representative solution families.

We base our control design on a finite dimensional ODE approximation of (84) obtained using a
Galerkin projection onto the 2π-periodic Fourier modes. Such an approach of control designfor
PDEs is very common, (for example, see [2] and the referencestherein) and is justified by the exis-
tence of a low-dimensional inertial manifold [23, 39, 36]. We note that the feedback control problem
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Figure 5: Plot (a):ν = 4/20. A contour plot ofz(x, t) showing transients which, initialized in the
vicinity of an unstable traveling wave approach asymptotically a persistent heteroclinic loop. Plot
(b): ν = 4/15. A contour plot showing transients which, initialized inthe vicinity of a ring of
unstable steady states, asymptotically approach a stable traveling wave.

of the K-S equation with periodic boundary conditions was considered before in [2], [31], [29]; the
focus in these works was on stabilization of the zero solution.

First, we obtain a finite-dimensional ODE approximation of (84). For that, we decomposez(x, t)
into its Fourier modes:

z(x, t) =
∞

∑
k=−∞

ck(t)exp(ikx), ck = ak + ibk, c−k = c∗k . (86)

Here, we consider only solutions with a zero spatial mean; that isc0 = 0. Substituting (86) in (84),
performing a Galerkin projection onto the Fourier modes, and truncating at an ordern, results in a
finite set of ODEs forck. The actionΦg(z(x)) translates to an action on the Fourier coefficientsck

asΦg(ck) = eikgck, k = 0,1, . . . ,n. We consider two different controllers, belonging to the class of
controllers described in sections 4.1 and 4.2. In the first case, the closed loop system is affine in the
control input and the actuation is equivariant:

ż = X(z)+
m

∑
k=1

uk(t)exp(ikx)
def
= X(z)+

m

∑
k=1

uk(t)bk(x), (87)

The actuatorsbk(x) are considered to be the firstm Fourier modes, and the control inputs essentially
prescribe the amplitudes of these modes. The actionΨg on the control inputsuk is the same as that
of Φg on the Fourier coefficientsck.

In the second case, we consider arbitrarily shaped actuators and assume that the actuator can be
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translated by any amount in space. The closed loop system forthis case is

ż = X(z)+
m

∑
k=1

uk(t)bk(x+ hk). (88)

Physically,hk anduk are the inputs that specify the phase and amplitude of the actuatorbk respec-
tively. The group action on the control inputs isΨg : (uk,hk) → (uk,hk + g),k = 1,2, . . . ,m.

If z̃s is the template, the sliceSz̃s is defined using (10, 85) to be the set of ˜z such that

〈z̃− z̃s, z̃
′
s〉 = 0 (89)

where〈·, ·〉 is theL2-inner product and prime denotes differentiation with respect tox. Now, if we
denote the right hand sides of (87, 88) asX(z)+U , we can formally write the slice dynamics of
these equations as:

˙̃z = X(z̃)+Ũ −ξ z̃x (90)

where ˜z(x, t) = z(x− g, t) lies in the sliceSz̃s . Similarly, Ũ is the control termU expressed in the
traveling frame. The speedξ in (90), analogous to (17), is

ξ =
〈X(z̃)+Ũ , z̃′s〉

〈z̃′, z̃′s〉
=

〈X(z̃), z̃′s〉
〈z̃′, z̃′s〉

+
〈Ũ , z̃′s〉
〈z̃′, z̃′s〉

def
= ξo + ξc. (91)

Thus,ξ is the closed loop speed, andξo andξc are the contributions of the open-loop vector field
and the control inputs to it. The assumption made in equation(17) in section 3.1 thatY ∗(z̃s)Y (z) is
invertible is the same as assuming that the denominator〈z̃′, z̃′s〉 in (91) is non-zero.

Before presenting the results of our control design, we makea remark. In order to obtain the
feedback laws, we choose the template function to be the fixedpoint of the slice dynamics itself.
Clearly, we first need to calculate this fixed point, for whichwe proceed as follows. We choose an
arbitrary template functionz0 and use Newton’s method to find the fixed point of the slice dynamics
thus obtained. Instead of finding the fixed point of the DAE system (8, 10), we substitute forξ
from (17) into (8) and find the fixed point of the resulting equivalent differential system. Note
that the Jacobian at each step of these Newton iterations will be singular because of translational
invariance. However, we have an additional constraint (10)that each iteration should belong to the
sliceSz0. We use this constraint to reduce the number of unknowns in the Newton iterations by one.
This constraint is similar to the pinning conditions commonly used in the computation of traveling
waves or limit cycles, or equivalently it is similar to the phase condition used in [16] to tackle the
issue of a singular Jacobian while computing periodic solutions of ODEs. Then, we use the fixed
point z̃s thus obtained as a new template to derive feedback laws.

Now we present some results for the two different control methodologies to illustrate their differ-
ences. The numerical scheme for integrating the closed loopequations is given in appendix B.
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5.3.1 Stabilization of traveling waves

First, we considerν = 4/20 and stabilize unstable traveling waves. We consider the closed loop
equation to be (87) (where the actuator is equivariant) and the actuator to be simply the first Fourier
mode; that is,m = 1 and the control term isu1eix. We derive a feedback law that minimizes the cost
function (37). Unless specified otherwise, here and in what follows, the weight matricesQ andR in
the cost are chosen to be the identity. In order to derive the feedback law, we need to evaluate various
terms in the linearized slice dynamics (19), which we do numerically. The controllability tests men-
tioned in section 3.3 are satisfied in this case. The resulting LQR problem is(2n−1)-dimensional
and is solved using standard Matlab routines. The results are presented in figures 6 and 7. As shown
in figure 6b, the eigenvalues of the linearized open-loop slice dynamics include a complex conjugate
pair in the right half complex plane. Both the open and closedloop cases have one eigenvalue at
the origin, which corresponds to translational invariance. The initial condition, which is set to be a
perturbation of the steady shape of the traveling wave, is shown in figure 6a. As shown in figure 7b,
the control is turned on att = 15. Since the traveling wave is unstable, this causes the perturbations
to grow and as seen in figure 6c, the residual‖z̃− z̃s‖2 initially grows away from 0; once the con-
trol is turned on, it starts to decay. It asymptotically approaches zero, which implies convergence
to the correct open loop shape of the traveling wave. Figure 6d shows the evolution of the closed
loop speedξ as well as the contribution of the control inputξc to it. This contribution is initially
non-zero, which means that the optimal control has a non-zero component in the group direction.
However, as the dynamics approach the right shape,ξc goes to zero asymptotically. This means
that the dynamics approach the correct open loop speed of thetraveling wave. Thus, the controller
stabilizes the traveling wave to the right shape and the right speed. Figure 7e is a 3-D plot of the
spatiotemporal evolution ofz(x, t) and shows convergence to the traveling wave. The input term
can also be written asasin(x+φ), whereφ anda are the equivalent phase and amplitude; these are
plotted in figures 7c,d and will be used for comparison with the next case.

Now, we consider the closed loop equations of the form (88), where the actuator is not equivariant
but can be translated in the group direction, that is, along the domain[0,2π]. We first consider the
control term to beusin(x+ α), with the inputs beingu andα . The phaseα is chosen such that the
control does not act in the group direction, that isξc = 0. The other inputu is then chosen such
that the cost function (54) is minimized. The results are presented in figure 8. The initial condition
is the same as that considered in the previous case and the control is again turned on att = 15.
Figure 8b shows thatξc indeed stays zero, which confirms that the resulting controlacts only on
the shape space. Figures 8a,b show convergence to the right shape and speed of the traveling wave.
Figure 8c is a plot of the control inputu, and figure 8d is a plot of the amount of translationg(t) that
makes ˜z(x, t) = z(x−g, t) to lie in the sliceSz̃s . Now, the other inputα = g(t)+ c; that is, it differs
from the phase ofz(x, t) by a constantc chosen to impose the conditionξc = 0.

We note that the range of possible actuation for the two casesconsidered so far is actually identical,
but the two cases differ in the way the control inputs appear and in the selection of the feedback laws.
In the first case, the inputs are the amplitudes of sin(x) and cos(x), both of which are chosen such
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Figure 6: Stabilized traveling wave solution forν = 4/20 with the control termu1sinx + u2cosx,
whereu1 andu2 are the control inputs. Control is turned on att = 15, as indicated by the arrows.
Plot (a) shows the fixed point ˜zs of the slice dynamics (solid line) and the initial conditionof the
closed loop equations (dashed line). Plot (b) shows the openand closed loop eigenvalues (in ‘×’
and ‘2’) of the linearized slice dynamics. Plot (c) shows that theL2-error‖z̃− z̃s‖2 decays to zero.
Plot (d) shows the the closed loop speedξ , and the contributions of the open loop vector field (ξo)
and the control term (ξc) to it.
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Figure 7: Plots for the same case as considered in figure 6. Plot (a) is a plot ofg vs. t where
g(t) (modulo 2π) is the amount of translation that makesz(x, t) lie on the sliceSz̃s . The straight line
portion represents a wave traveling at a constant speed. Plot (b) shows the control inputsu1 andu2,
while plots (c) and (d) show the equivalent phaseφ and amplitudea: asin(x + φ) = u1 sin(x) +
u2 cos(x). Plot (e) is a 3-D plot of the spatiotemporal evolution ofz(x, t).
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that a given cost function is minimized. In the second case, the inputs are the amplitude and phase
of sin(x). Here, the phase is chosen by imposing a different type of constraint; given this constraint
on the phase, the amplitude is chosen using LQR. We can now compare the inputs in the second case
with the equivalent phase and amplitude of the inputs in the first case plotted in figures 7c,d. We
see that, unlike in the second case, the phaseφ in the first case does not differ fromg by a constant.
So, the actuator is not stationary in the traveling or symmetry reduced frame of reference, which is
also reflected in the fact that the control has a non-zero component in the group direction. Since the
controller in the second case results in no actuation in the group direction, it implies that the choice
of phase in the second case is sub-optimal.

The advantage of the second procedure is that it allows a broader class of actuators, whereas in the
first case we are restricted to the Fourier modes for actuation. We illustrate this advantage as follows.
As is common practice in control of PDEs [20, 31, 17], we consider an actuator that has finite
support. Physically, such actuators could be injectors on the circumference of a compressor [20],
a laser beam for temperature control of catalytic surfaces,or an array of actuators for flow control
(references in [17]). As shown in figure 9a, we approximate this actuator by a narrow Gaussian. This
actuator is not translationally invariant, hence we have toresort to the second control methodology.
The results are presented in figure 9. The initial condition is shown in figure 9b, and the rest of
the plots show convergence to the correct traveling wave. Inthe plots of the residual, the control
input, and the speed, we observe extensive oscillations in the transient approach to the steady state.
This implies insufficient damping which is also evident fromthe proximity of the two closed loop
eigenvalues to the imaginary axis in figure 9d. We tried some simulations with the phaseα still
given asg(t)+ c, wherec is a constant. But now instead of being chosen from the criterion ξc = 0,
c was varied arbitrarily. We observed that for certain valuesof c, the performance of the resulting
controller was better: considerably fewer oscillations inthe transients were observed as compared
to those in figure 9. It would be interesting to pursue optimalchoices ofc, but we leave this for
future studies.

5.3.2 Stabilization of steady states

Next, we consider the case ofν = 4/15 and attempt to stabilize the unstable, spatially nonuniform
steady state of the KS. The linearization of the open loop dynamics about such steady states has one
one eigenvalue in the right-half of the complex plane (figure10b). Note that, because of translational
invariance, there exists a one-parameter family of steady states given by a translation of ˜zs (which
is a fixed point of the slice dynamics). Our control procedureretains this invariance; that is, the
initial conditions that are simple translations of each other result in trajectories that are the same
translations of each other. We consider the closed loop equation to be (87) and again, the actuator
is the first Fourier modeeix. The controllability tests are satisfied. The closed loop results are
presented in figures 10 and 11. The initial condition, shown in figure 10a, is set to be a random
perturbation of ˜zs. Here too, figure (10c) shows convergence to the right shape.Figure (10d) shows
that the speedsξ andξc approach zero, implying convergence to a steady state. Non-zero transients
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Figure 8:ν = 4/20. Plots analogous to those in figure 6 and 7. The control termis u1 sin(x + α),
and the inputs areu1 andα . Again, the control is turned on att = 15, as indicated by the arrows. In
plot (b), the solid and dashed lines coincide.
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Figure 9: ν = 4/20. Plots analogous to those in figures 6 and 7, except for plot(a). The control
term isub(x + α), whereb(x) is the actuator, shown in plot (a) with a solid line, andu andα are
the control inputs. The dashed line in plot (a) shows the actuator in the traveling frame of reference,
where it appears stationary. Plot (b) shows the fixed point ˜zs of the slice dynamics (solid line) and
the initial condition of the closed loop equations (dashed line).
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Figure 10: Stabilized steady state solution forν = 4/15 with the control termu1 sinx + u2 cosx,
whereu1 andu2 are the control inputs. Plots analogous to those in figure 6. Control is turned on at
t = 20 (indicated by an arrow), where the state is in the vicinityof the stable traveling wave. Plot (a)
shows the fixed point ˜zs of the slice dynamics (solid line) and the initial conditionof the closed loop
equations (dashed line).

for ξc show that here too, the optimal control has a non-zero component in the group direction.

Figure 12b shows the evolution ofg, which represents the shift ofz(x, t) that aligns it with the slice
Sz̃s , for different initial conditions. Figure 12a shows the initial conditions in the corresponding line
styles. All the plots converge to a constant value ofg, which means convergence to another, but
different, translation of ˜zs. Furthermore, the initial conditions in dots is simply a translation by two
units of that in dashes. Correspondingly, the resulting trajectories ofg are also simply translations
of each other by the same two units.
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Figure 11: Plots for the same case as in figure 10. Plots are analogous to those in figure 7. Plot (a)
shows that, with control, the dynamics approach a translation of z̃s.
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Figure 12:ν = 4/15. Plot (b) shows the evolution ofg(t) for different initial conditions, shown in
corresponding line styles in plot (a). The solid bold line inplot (a) represents the steady state ˜zs

used to define the slice dynamics.

6 Summary

We have presented two approaches to stabilizing relative equilibria of general nonlinear systems
with symmetry, using the template-based technique of [37, 38] to obtain equations in a symmetry-
reduced frame. As the relative equilibria are fixed points inthis frame, simple tools from linear
systems theory could be used to derive feedback laws. The reduced dynamics have an invariant
subspace orthogonal to the group orbit through the chosen template, and it is this subspace that we
require to be controllable.

We considered two types of actuators. In the first case, we assumed the actuation to be equivariant
under the symmetry group action. For this case, we used LQR toderive locally optimal feedback
laws and demonstrated with a numerical example that, in general, these control laws have a com-
ponent in both the group and the shape directions. In the second case, we considered arbitrary
actuators, but assumed that the actuator can be translated in the symmetry direction. For this case,
which we called the phase-amplitude actuation, the phase ofthe actuator was chosen such that the
control has a zero component in the group direction. In the numerical example with Gaussian ac-
tuators, we mentioned that different choices of phases indeed yield better closed loop performance.
One of our future plans is to explore different choices of phase that can lead to optimality under
different physically reasonable criteria.

A natural extension of this work is the control of group dynamics to achieve complete stabilization
in full phase space by breaking the symmetry, as in [9]. For the KS equation, this would imply
stabilizing a particular steady state or a particular shiftof a traveling wave profile from the one-
parameter family. Another interesting extension would be to problems with different continuous
symmetries, such as scale invariance [5]. We are particularly interested in the equation-free use of
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the approach to stabilize coarse-grained solutions of problems governed by microscopic/stochastic
simulators [3].
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A Linearization of slice dynamics

Let z̃ = z̃s + w, andũ = 0+ v, where‖w‖,‖v‖ ≪ 1. Substituting in (8), we get

ẇ =X(zs,0)+ Dz̃X(zs,0)w + DũX(z̃s,0)v−Y (z̃s + w)(ξ0+ ξ1)+ O(2)

=X(zs,0)−Y (z̃s)ξ0︸ ︷︷ ︸
O(0)

+Dz̃X(zs,0)w + DũX(z̃s,0)v−Y (z̃s)ξ1−Dz̃Y (z̃s)w ·ξ0︸ ︷︷ ︸
O(1)

+O(2). (92)

Here,ξ0 andξ1 are the zeroth and first order terms in the expansion ofξ . The exact form of these
terms follows. LetA = Dz̃X(z̃s,0) andB = DũX(z̃s,0). Substituting ˜z = z̃s + w, ũ = v in (17),

ξ =
(

Y ∗(z0)Y (z̃s + w)
)−1

Y ∗(z0)X(z̃s + w,v)

=
(

Y ∗(z0)(Y (z̃s)+ Dz̃Y (z̃s)w)
)−1

Y ∗(z0)(X(z̃s,0)+ Aw + Bv)+ O(2)

=
(

Y ∗(z0)Y (z̃s)
)−1/2(

I− (Y ∗(z0)Y (z̃s))
−1/2Y ∗(z0)Dz̃Y (z̃s)w(Y ∗(z0)Y (z̃s))

−1/2
)

(
Y ∗(z0)Y (z̃s)

)−1/2
Y ∗(z0)(X(z̃s,0)+ Aw + Bv)+ O(2)

=
(

Y ∗(z0)Y (z̃s)
)−1(

Y ∗(z0)(X(z̃s,0)︸ ︷︷ ︸
O(0)

+Aw + Bv︸ ︷︷ ︸
O(1)

)−

Y ∗(z0)Dz̃Y (z̃s)w
(

Y ∗(z0)Y (z̃s)
)−1

Y ∗(z0)X(z̃s,0)
︸ ︷︷ ︸

O(1)

)
+ O(2). (93)

The order 0 and 1 terms defineξ0 andξ1 respectively. Define the following projection operator:

PSz0
= I−Y (z̃s)

(
Y ∗(z0)Y (z̃s)

)−1
Y ∗(z0) (94)
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Now, (94) is a projection onto the space orthogonal to the columns ofY (z0). Then, combining (92,
93, 94), we get

ẇ =PSz0
(X(zs,0)+ Aw + Bv) (95)

−PSz̃s
Dz̃Y (z̃s)w

(
Y ∗(z0)Y (z̃s)

)−1
Y ∗(z0)X(z̃s,0)+ O(2)

def
=PSz̃s

(Âw + B̂v)+ O(2). (96)

Here, we have used the fact that since ˜zs is a fixed point of the slice dynamics,PSz0
X(z̃s,0) = 0.

B Numerical method for the KS equation

Here we outline the numerical scheme used to integrate the close loop K-S equation (87). The
numerical scheme is given for the case of equivariant actuation and is very similar for the amplitude-
phase control case.

We first rewrite the closed loop K-S equation (87)

ż = L(z)+ N(z)+
M

∑
i=1

bi(x)ui, (97)

where, the inputs are
ui = h ·Ki(h

−1 · z− zs) (98)

andh is given by
〈h−1 · z− zs,z

′
s〉 = 0. (99)

Here,L(z) and N(z) are the linear and nonlinear terms of the open loop vector field. The time-
stepping scheme is as follows:

zn+1− zn

∆t
=

1
2
(L(zn+1)+ L(zn))+

1
2
(3N(zn)−N(zn−1))+

M

∑
i=1

bi(x)
un

i + un+1
i

2
, (100)

where,
un

i = hn ·Ki(h
−1
n · zn − zs) (101)

andhn+1 given by
〈h−1

n+1 · zn+1− zs,z
′
s〉 = 0. (102)

Equations (100, 101, 102) are solved iteratively forhn+1 andzn+1.
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