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Normalized coprime robust stability and performance
guarantees for reduced-order controllers

Kevin K. Chen and Clarence W. Rowley

Abstract—Constructing a reduced-order controller from a high-

dimensional plant is commonly necessary. The “reduce-then-design”

approach constructs the controller from a reduced-order plant; “design-

then-reduce” reduces a full-order controller. In both cases, we present

sufficient conditions for the full-order plant and reduced-order controller

to achieve closed-loop stability or performance. These conditions, mo-

tivated primarily by the ⌫-gap metric, reveal model reduction orders

that guarantee stability or performance. The control of the linearized

Ginzburg-Landau system provides validation.

I. INTRODUCTION

The last few decades have seen great development in linear time-
invariant (LTI) state-space methods for computing powerful and
effective controllers. Many real-life dynamical models, however, have
a very large state dimension. Since controllers are often at least as
large as the plant, it is frequently preferable to implement reduced-
order controllers instead. When the matrix representing the plant
dynamics is available, there exist several methods for designing such
reduced-order controllers [1]. In certain applications, however, the
dynamical operator is so large that matrix computations, such as
the solution of Riccati equations or linear matrix inequalities, are
impractical or impossible. In the control of a linearized fluid flow,
for instance, the number of states is typically on the order of the
number of grid points used to represent the fluid dynamics. Such a
number is frequently upwards of hundreds of thousands or millions.

In the context of these very-large-dimensional plants, designers
often first reduce the plant dynamics to an approximate system of
much lower dimension. If a matrix representation of the dynamical
operator is available, then standard methods include modal truncation,
balanced truncation, optimal Hankel norm reduction, and coprime
factor model reduction [2, Ch. 11]. Should the matrix representation
be unavailable, or too large to be tractable, designers may use data-
based techniques such as proper orthogonal decomposition [3] or
balanced proper orthogonal decomposition (BPOD) [4], as well as
system-identification methods such as the eigensystem realization
algorithm (ERA) [5]. In either case, the designer then constructs the
controller from the reduced-order model (i.e., “reduce-then-design”),
with the assumption that that the reduced-order model is a sufficiently
accurate representation of the original dynamics.

Alternatively, we may design the controller directly from the
full-order plant. For large-dimensional plants, certain techniques
approximate the full-order controller of interest directly from the
original plant. For instance, Chandrasekhar’s method [6] and recently-
proposed methods such as the adjoint of the direct-adjoint [7]
approximate the H

2

optimal controller. Whether we directly compute
or approximate the full-order controller, we may then reduce the
controller (i.e., “design-then-reduce”) to make their application more
computationally tractable. There exists a wealth of literature that
discusses effective methods for controller reduction. For instance, [1],
[8], [9] investigate frequency-weighted model reduction techniques,
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Fig. 1. Two approaches for arriving at different reduced-order controllers
Kr from a full-order model P , as used in this study (cf. [1, Fig. 3.1.1]).

which are constructed from approximations of an internal-model-
control-based transfer function.

Fig. 1 depicts the two methods for designing low-order controllers.
We denote the design-then-reduce controller KK

r , and the reduce-
then-design controller KP

r . The notation Kr may refer to either one.
A number of works have also focused specifically on the reduced-

order control of distributed-parameter (e.g., partial differential equa-
tion) systems [10]–[13]. Some of these references, as well as [1],
argue loosely that reduce-then-design is inherently inferior to design-
then-reduce. The latter delays the approximation step as much as
possible, whereas the former allows approximation error to propagate.

In addition, certain works in the model reduction literature have
addressed robust stability or performance in the context of controller
reduction [8], [11], [14], [15]. In particular, a recent work [16]
analyzes multiplicative uncertainty using structured singular values
and the M�-structure, focusing on balanced truncation for controller
reduction. This model of controller reduction yields lower bounds on
the controller order necessary for robust stability or performance.

In the present study, we connect concepts from robust stability
and performance (such as the normalized coprime stability margin
and the ⌫-gap metric) with concepts from model reduction (such as
Hankel singular values and H1 norms on model reduction error).
By doing so, we derive simple theorems that guarantee the closed-
loop stability or performance of full-order plants with reduced-order
controllers. The primary merit of these theorems is that they are
more generalizable and readily applicable to the design of reduced-
order controllers—we believe—than other known robust stability or
performance results. Furthermore, as in [16], and as we will see in the
included example, the theorems provide a sense of the required model
reduction accuracy for stability or performance. Control designers
may therefore use them to guide the model reduction process. Lastly,
our results are applicable to both the reduce-then-design and the
design-then-reduce methods.

This paper is organized as follows. We briefly review elements of
the normalized coprime stability margin and the ⌫-gap margin in Sec-
tion II. Section III presents the main results of the paper by proving
sufficient conditions for the stability, or desired performance level,
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of full-order plants in closed-loop with reduced-order controllers. In
Section IV, we show examples of these conditions using the control of
the linearized Ginzburg-Landau system, and we provide concluding
remarks in Section V.

II. THE NORMALIZED COPRIME STABILITY MARGIN AND THE
⌫-GAP METRIC

In this paper, we use the following notation. We denote the
conjugate transpose of a matrix or transfer function G by G⇤.
The maximum singular value of a matrix or transfer function G
is denoted �(G). L1 is the Lebesgue space of matrix functions
essentially bounded on the imaginary axis, with norm kGk1 =

ess sup!2R �(G(j!)). The space of stable, continuous time, LTI
transfer functions is H1, and H1 ⇢ L1. R is the space of rational
functions, and RL1 , R \ L1 and RH1 , R \ H1. For
G 2 RL1, kGk1 = max!2R �(G(j!)). We denote the kth largest
Hankel singular value of G 2 RH1 by �k(G). In the case of an
unstable G, we first separate G into a stable and an anti-stable part;
�k(G) only includes the Hankel singular values of the stable part.

Next, we review the framework of the normalized coprime stability
margin and the ⌫-gap metric. We base this discussion on [17], [18];
consult these references for a complete description.

The normalized coprime stability margin and the ⌫-gap metric
provide a useful framework for providing bounds on closed-loop
performance. Suppose the stability margin bP,K of a plant P and
a controller K, as well as the ⌫-gap metric �⌫(P, Pp) between
P and a perturbed plant Pp, are both known. Then, we may
analytically solve for lower and upper bounds on bPp,K . The utility
of this framework is multifaceted. First, we can potentially guarantee
that the closed loop system [Pp,K] will be stable and achieve a
certain performance level—even though we constructed K to control
P , not Pp. Furthermore, we may determine this without actually
testing [Pp,K]. In addition, the framework of normalized coprime
factorization is more generalizable than, for instance, multiplicative
or inverse multiplicative uncertainty alone. Finally, the framework for
P , K, and a perturbed controller Kp is exactly analogous.

We first introduce some definitions that we use in our framework.
Definition 1: The closed-loop system [P,K] is stable if the eight

transfer functions from v
1

, v
2

, v
3

, and v
4

to u and y in Fig. 2 are
stable [18, Def. 1.1]. These eight transfer function relations are
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Fig. 2. The standard feedback interconnection [18, Fig. 1.1].

Definition 2: The normalized right coprime factorization of G 2
Rp⇥q is the ordered pair (N,M), where N 2 RH p⇥q

1 and
M 2 RH q⇥q

1 , G = NM�1, N and M are proper, and N⇤N +

M⇤M = I . The transfer functions N and M are unique up to a
right multiplication by a unitary matrix. The normalized left coprime
factorization is exactly analogous; see [18, Ch. 1.2.1].

Definition 3: For a p ⇥ q plant P and a q ⇥ p controller K, the
normalized coprime stability margin is

bP,K ,

8
>><

>>:
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#
(I �KP )
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h
�K I

i�����

�1

1

, [P,K] stable

0, otherwise

(2)

(see [18, (2.1)]). It is a measure of both the performance and the
robustness of [P,K]. Furthermore, bP,K = bK,P .

Definition 4: For a system G 2 Rp⇥q given by a normalized right
coprime factorization (N,M), and a perturbed system given by Gp =

(N +�N)(M +�M)

�1 2 Rp⇥q ,

�⌫(G,Gp) , inf

�N,�M2L1
wno |M+�M|=⌘(Gp)

����


�N
�M

�����
1

(3)

(see [18, Def. 1.8]). Here, wno g(s) is the counterclockwise winding
number of the scalar function g(s) as s follows the counterclockwise
Nyquist D-contour (indented to the right of any pure imaginary poles
or zeros). Also, |·| indicates the determinant, and ⌘(G) is the number
of open right-half-plane poles of G. The ⌫-gap metric is a true metric;
it obeys the relation �⌫(G,Gp) = �⌫(Gp, G).

We may also compute the ⌫-gap metric using a more readily
calculable relation. First, we define the matrix square root.

Definition 5: Consider the matrix X 2 Cn⇥m. The Hermitian
square root (X⇤X)

1
2 of the matrix X⇤X is the unique positive

semidefinite matrix satisfying ((X⇤X)

1
2
)

2

= X⇤X and (X⇤X)

1
2
=

((X⇤X)

1
2
)

⇤. (See [18, p. 69].)
Given this definition, we may calculate the ⌫-gap metric by

�⌫(G,Gp) =

���(I +GpG
⇤
p)

� 1
2
(G�Gp)(I +G⇤G)

� 1
2

���
1

, (4)

if |I + G⇤
p(j!)G(j!)| 6= 0 for all ! 2 R, and wno|I + G⇤

pG| +
⌘(G)� ⌘(Gp)� ⌘

0

(Gp) = 0, where ⌘
0

(Gp) is the number of pure
imaginary poles of Gp [19, Thm. 17.6]. Otherwise, �⌫(G,Gp) = 1.

The key relation that bounds the normalized coprime stability
margin is

sin

�1 bPp,K � sin

�1 bP,K � sin

�1 �⌫(P, Pp). (5a)

(See, for instance, [18, (3.2)]. For a more detailed discussion and
proof, see [17, Thm. 4.2] or [18, Thm. 3.8].) Since inputs to �⌫
commute, we have that

sin

�1 bP,KP
r

� sin

�1 bPr,KP
r
� sin

�1 �⌫(P, Pr). (5b)

Furthermore,

sin

�1 bKK
r ,P � sin

�1 bK,P � sin

�1 �⌫(K,KK
r ); (5c)

since the inputs to b commute,

sin

�1 bP,KK
r

� sin

�1 bP,K � sin

�1 �⌫(K,KK
r ). (5d)

III. GUARANTEES ON THE STABILITY AND PERFORMANCE OF
[P,Kr]

Equations (5b, 5d) motivate the stability and performance guar-
antees. If the right-hand side of these inequalities is positive, then
[P,Kr] must be stable. Additionally, if the right-hand side is greater
than some positive value, then we can provide a lower bound on
bP,Kr greater than zero.

The main results of this paper are readily applicable when the
model reduction method of choice has an analytic upper bound on
the H1 norm of the error. For instance, balanced truncation has
the upper bound kG�Grk1  2

Pn
k=r+1

�k(G) [2, (11.17)], and
a particular construction of optimal Hankel norm reduction has the
bound kG�Grk1 

Pn
k=r+1

�k(G) [2, (11.29–30)].
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Our main results are based on the following basic theorem.
Theorem 1: If G,Gr 2 RL1 and �⌫(G,Gr) < 1, then

�⌫(G,Gr)  kG�Grk1 . (6)

Proof: See, for instance, the proof of Proposition 3 in [20].
We now show conditions that guarantee the closed-loop stability

or performance of the full plant and reduced-order controller.
Theorem 2 (Condition for design-then-reduce performance): If

KK
r is an approximation of K that satisfies

��K �KK
r

��
1  ↵ for

some ↵ 2 [0, 1), and �⌫(K,KK
r ) < 1, then the condition

sin

�1 bP,K > sin

�1 ↵+ sin

�1 bd (7)

is sufficient for satisfying the performance criterion bP,KK
r

> bd for
the desired bd 2 [0, 1).

Proof: Given the stated conditions, (7) implies

sin

�1 bP,K > sin

�1

���K �KK
r

���
1

+ sin

�1 bd, (8a)

and Theorem 1 yields

sin

�1 bP,K > sin

�1 �⌫(K,KK
r ) + sin

�1 bd. (8b)

Equations (5d, 8b) reduce to bP,KK
r

> bd.
Corollary 1 (Weak condition for design-then-reduce stability): If

KK
r is an approximation of K that satisfies

��K �KK
r

��
1  ↵ for

some ↵ 2 [0, 1), and �⌫(K,KK
r ) < 1, then the condition

bP,K > ↵ (9)

is sufficient for the stability of [P,KK
r ].

Proof: This follows directly from Theorem 2, with the choice
bd = 0.

We may derive a stronger condition, however, from [1, Ch. 3.2].
Theorem 3 (Strong condition for design-then-reduce stability):

If [P,K] is stable, KK
r is an approximation of K that satisfies��K �KK

r

��
1  ↵ for some ↵ 2 [0, 1), and ⌘(K) = ⌘(KK

r ), then
��P (I �KP )

�1

���1

1 > ↵ (10)

is sufficient for the stability of [P,KK
r ].

Proof: An internal-model-control-like structure [1, Ch. 3.2]
shows that if K,KK

r 2 RL1, [P,K] is stable, ⌘(K) = ⌘(KK
r ),

and
��
(K �KK

r )P (I �KP )

�1

��
1 < 1, then [P,KK

r ] is stable.
From the stated conditions and (10), we see that

1 >
���K �KK

r

���
1

��P (I �KP )

�1

��
1 (11a)

�
���(K �KK

r )P (I �KP )

�1

���
1

; (11b)

therefore, [P,KK
r ] must be stable.

This condition is stronger than Corollary 1, because it can be shown
using H1 norm properties that

��P (I �KP )

�1

���1

1 � bP,K . The
difference between the two sides of this inequality, however, may not
be large in practice; see Fig. 4 for an example comparison.

The design-then-reduce conditions presented above may be difficult
or impossible to compute for very large systems. Nevertheless,
reduce-then-design is a more common approach in the control of very
large systems (e.g., fluid flow control); the conditions for reduce-then-
design performance and stability—which we present below—are easy
to compute. These results and their proofs are exactly analogous to
the design-then-reduce counterparts.

Theorem 4 (Condition for reduce-then-design performance): If
Pr is an approximation of P that satisfies kP � Prk1  � for
some � 2 [0, 1), and �⌫(P, Pr) < 1, then the condition

sin

�1 bPr,KP
r

> sin

�1 � + sin

�1 bd (12)

is sufficient for satisfying the performance criterion bP,KP
r

> bd for
the desired bd 2 [0, 1).

Proof: Given the stated conditions, (12) implies

sin

�1 bPr,KP
r

> sin

�1 kP � Prk1 + sin

�1 bd, (13a)

and Theorem 1 yields

sin

�1 bPr,KP
r

> sin

�1 �⌫(P, Pr) + sin

�1 bd. (13b)

Equations (5b, 13b) reduce to bP,KP
r

> bd.
Corollary 2 (Weak condition for reduce-then-design stability): If

Pr is an approximation of P that satisfies kP � Prk1  � for
some � 2 [0, 1), and �⌫(P, Pr) < 1, then the condition

bPr,KP
r

> � (14)

is sufficient for the stability of [P,KP
r ].

Proof: This follows directly from Theorem 4, with the choice
bd = 0.

Next, we derive a stronger bound using [1, Ch. 3.2], as before.
Theorem 5 (Strong condition for reduce-then-design stability):

If [Pr,K
P
r ] is stable, Pr is an approximation of P that satisfies

kP � Prk1  � for some � 2 [0, 1), and ⌘(P ) = ⌘(Pr), then
���(I �KP

r Pr)
�1KP

r

���
�1

1
> � (15)

is sufficient for the stability of [P,KP
r ].

Proof: We may modify the internal model control structure
in [1, Ch. 3.2] to handle plant perturbations instead of controller
perturbations. In this case, if P, Pr 2 RL1, [Pr,K

P
r ] is stable,

⌘(P ) = ⌘(Pr), and
��
(I �KP

r Pr)
�1KP

r (P � Pr)
��
1 < 1, then

[P,KP
r ] is stable. From the stated conditions and (15),

1 >
���(I �KP

r Pr)
�1KP

r

���
1

kP � Prk1 (16a)

�
���(I �KP

r Pr)
�1KP

r (P � Pr)

���
1

; (16b)

therefore, [P,KP
r ] must be stable.

This condition is stronger than Corollary 2, because it can be shown
using norm properties that

��
(I �KP

r Pr)
�1KP

r

���1

1 � bPr,KP
r

.
Again, the difference between the two sides of this inequality may
not be large in practice; see Fig. 6 for an example comparison.

Remark 1: Practically, the parameters ↵ and � are the analytic
upper bounds on the model reduction error’s H1 norm. For instance,
if KK

r is the order r balanced truncation of K, then Theorem 3
guarantees the stability of [P,KK

r ] when
��P (I �KP )

�1

���1

1 >
2

Pn
k=r+1

�k(K). Alternatively, if Pr is the order r balanced trun-
cation of P , then Theorem 5 guarantees the stability of [P,KP

r ] when��
(I �KP

r Pr)
�1KP

r

���1

1 > 2

Pn
k=r+1

�k(P ).
Remark 2: The conditions that ⌘(K) = ⌘(KK

r ) (Theorem 3) and
⌘(P ) = ⌘(Pr) (Theorem 5) are often satisfied in practice. For in-
stance, when performing balanced reduction or optimal Hankel norm
reduction on an unstable system G, we perform the decomposition
G = Gs +Ga, with Gs stable and Ga anti-stable, and reduce only
Gs. See, for example, the reduce-then-design results of Section IV.

IV. EXAMPLE: LINEARIZED GINZBURG-LANDAU CONTROL

The Ginzburg-Landau equation is a model for fluid flow pertur-
bations, among many other applications. For a detailed discussion,
see [21]–[23]. Reference [24] provides a comprehensive review of
Ginzburg-Landau control and model reduction, using conventional
linear controllers designed from finite-dimensional numerical ap-
proximations of the governing PDE. This is the approach we take
in the present paper. An alternative approach retains the infinite-
dimensional PDE, but is restricted to boundary control; see [25]–[27]
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and references within, or [28, Ch. 6] for a summary of the technique.
Our goal here is not to compare these control design approaches, but
rather, to illustrate how the techniques of the previous section may
be used to provide guaranteed bounds for reduced-order controllers.

The linearized system and control setup that we describe here are
from [29], which contains a more complete description. Given a time
parameter t, a spatial coordinate x (typically the fluid flow direction),
and a complex parameter q(x, t) that represents a velocity or stream-
function perturbation, the linearized Ginzburg-Landau equation is

@q

@t
= L q, (17a)

where
L , µ(x)� ⌫

@

@x
+ �

@2

@x2

. (17b)

With an infinite spatial domain x 2 (�1,1), the boundary
conditions are q(±1, t) = 0 [22], [23].

The Ginzburg-Landau equation is a convective-diffusive model
with amplification. The amplification function we choose is µ(x) =
0.37�0.005x2. The complex advection speed is ⌫ = 2.0+0.4j, and
the complex diffusion parameter is � = 1.0� 1.0j. With this choice
of parameters, L has one unstable eigenvalue, at 0.0123� 0.648j.

To implement output feedback control of the linearized Ginzburg-
Landau equation, we use single-input, single-output control with one
localized actuator at x = xa and one localized sensor at x = xs.
For a scalar actuation signal u(t) and a scalar sensor signal y(t), the
continuous-space state space is

@q

@t
(x, t) = L q(x, t) + exp

✓
� (x� xa)

2

2�2

◆
u(t) (18a)

y(t) =

⌧
q(x, t), exp

✓
� (x� xs)

2

2�2

◆�
, (18b)

where hf
1

(x), f
2

(x)i ,
R1
�1

¯f
2

(x)f
1

(x) dx is a spatial inner prod-
uct. For this study, we choose � = 0.4.

To limit the Ginzburg-Landau model to a finite dimension, we
employ a Hermite polynomial pseudospectral method. The software
described in [30] computes the domain discretization {x

1

, . . . , xn}
and the derivatives. We choose N = 100 grid points; in [29],
we showed that this discretization is sufficiently accurate for im-
plementing LTI methods. The domain reaches from x

1

= �56.1
to xn = 56.1; the region of amplification, where µ(x) > 0, is
�8.6 < x < 8.6.

With this discretization scheme, we define the state vector ⇠(t) ,⇥
q(x

1

, t) · · · q(xN , t)
⇤
T, and we denote the pseudospectral dis-

cretization of L by A. The actuation matrix B is the discretization of
exp(�(x�xa)

2/(2�2

)). The sensing matrix C is trickier to compute,
because of an implied spatial integration on an uneven grid. Define
the trapezoidal integration matrix

H , 1

2

diag(x
2

� x
1

, x
3

� x
1

, · · · , xj+1

� xj�1

,

· · · , xN � xN�2

, xN � xN�1

). (19)

With this weight, the continuous-space inner product hq
1

, q
2

i has the
discretization h⇠

1

, ⇠
2

i = ⇠⇤
2

H⇠
1

. Thus, if fs is the discretization of
exp(�(x� xs)

2/(2�2

)), then C = f⇤
sH . Altogether, we define the

Ginzburg-Landau plant

P :


˙⇠

y

�
=


A B

C 0

� 
⇠

u

�
. (20)

We implement a nearly optimal H1 loop-shaping controller, using
the negative-feedback H

2

optimal controller as the plant weight w.
As in our previous work [29], we choose the state cost matrix Q =

49H and the input cost matrix R = 1 for the H
2

optimal controller.

In addition, we choose the state disturbance covariance W = H ,
corresponding to a white noise uncorrelated and evenly distributed
in time and space, and we choose the sensor noise covariance V =

4 · 10�8. These matrices, along with P , determine the H
2

optimal
controller for a given actuator and sensor location [2, Ch. 9.2].

We place the actuator and sensor at the H
2

optimal placement—
that is, the placement which minimizes the H

2

norm from state
disturbances and sensor noise to the cost on the state and input
sizes, when P is in closed-loop with the H

2

optimal controller.
(See [29] for complete details.) This occurs at xa = �1.0 and
xs = 1.0. Setting the weight w equal to the negative-feedback H

2

optimal controller at this placement, we denote the weighted plant
by Pw = Pw.

Fig. 3 shows the Bode plots of P and Pw. From a classical control
standpoint, we see that the weight increases the loop gain at low
frequencies, where we require disturbance rejection, and decreases
the loop gain at high frequencies, where we require noise attenuation.
Furthermore, the weighted plant has ample stability margins. Its
Nyquist plot encircles the �1 point once, since it has one unstable
pole, and it comes no closer than 0.61 units to the �1 point.
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Fig. 3. Bode plots of the linearized complex Ginzburg-Landau input-output
dynamics P and the weighted dynamics Pw .

The true H1 loop-shaping controller is the controller Kopt 2 R
such that bPw,Kopt = supK2R bPw,K . To simplify the computation of
the controller, we first compute supK2R bPw,K ; then, we assemble a
suboptimal controller K, where the target value of bPw,K is 1/(1 +
10

�5

) times the optimal value (see [2, Ch. 9.4.1]).
In this example, we use balanced truncation to approximate the

plant and controller. Therefore, we apply Theorems 2 and 3 with
↵ = 2

Pn
k=r+1

�k(K). In the reduce-then-design case (Theorems 4
and 5), the computation is more complicated because Pw has one
right-half-plane pole. Therefore, we split Pw into two additive parts,
with one stable and one anti-stable; we only reduce the stable part
(see Remark 2). As a result, the lowest reduction order is r = 1.
Furthermore, since �k(Pw) only includes the Hankel singular values
of the stable part, we use � = 2

Pn�1

k=r �k(Pw).
In the design-then-reduce case, we compute bPw,K = 5.10 · 10�1

and
��Pw(I �KPw)

�1

���1

1 = 5.91 · 10�1. Fig. 4 depicts this, along
with the ⌫-gap metric and the error upper bound ↵. From this figure,
we observe that Theorem 3 guarantees the stability of [Pw,K

K
r ] when

r � 2. If we directly apply the stability margin and ⌫-gap relation in
(5d), then we also derive r � 2. In reality, bPw,KK

r
> 0, and hence

[Pw,K
K
r ] is stable, when r � 1.

If the desired minimal performance is bd = 0.4, then Theorem 2
guarantees this performance level when r � 4; see Fig. 5. The direct
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Fig. 4. Robust stability quantities as the balanced truncation order of the
H1 loop-shaping controller K varies. Dashed line:

��Pw(I �KPw)�1

���1

1
(constant); solid line: bPw,K (constant); �: ↵ = 2

Pn
k=r+1

�k(K); ⇥:
�⌫(K,KK

r ).
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r

Fig. 5. Robust performance quantities as the balanced truncation order
of the H1 loop-shaping controller K varies; here, bd = 0.4. Solid line:
sin�1 bPw,K (constant); �: sin�1 ↵ + sin�1 bd; ⇥: sin�1 �⌫(K,KK

r ) +
sin�1 bd.

application of the ⌫-gap metric in (8b) yields the better guarantee
r � 3. In reality, bPw,KK

r
> bd when r � 3.

Fig. 6 plots stability parameters for reduce-then-design control,
along with the error upper bound �. Theorem 5 guarantees the
stability of [Pw,K

P
r ] when r � 4. Directly applying the stability

margin and ⌫-gap relation in (5b) gives the better guarantee r � 3.
In reality, bPw,KP

r
> 0, and hence [Pw,K

P
r ] is stable, when r � 3.

Keeping the minimal performance specification bd = 0.4, Theo-
rem 4 and the direct application of the ⌫-gap metric in (13b) both
guarantee this performance level when r � 5; see Fig. 7. This bound
is actually tight; we verify that in reality, the closed-loop indeed meets
this performance specification only for r � 5.

Finally, we remark briefly that for r  13, design-then-reduce
yields a stability margin bP,KK

r
greater than the reduce-then-design

stability margin bP,KP
r

. At r > 13, the difference between these
margins is negligible. This result is consistent with [1], which argues
that effective control is best preserved by delaying the approximation
step (i.e., the model reduction) as late in the design process as
possible. Nonetheless, we must keep in mind that the design-then-
reduce procedure is generally more computationally expensive than
the reduce-then-design procedure, especially for large systems.

V. CONCLUSION

In the application of control theory to large systems, it is typ-
ically necessary to use a reduced-order controller Kr in closed-
loop with the full-order plant P . This study presents conditions that
are sufficient for guaranteeing the stability or required performance
of [P,Kr], whether Kr is a reduced-order model of a full-order
controller K, or a controller designed from a reduced-order plant
Pr . The conditions do not place restrictions on the control design or

0 2 4 6 8 10

10
!4

10
!2

10
0

10
2

r

Fig. 6. Robust stability quantities as the balanced truncation order of the
weighted plant Pw varies. Dashed line:

��(I �KP
r Pwr)�1KP

r

���1

1 , where
Pwr is the order r balanced truncation of Pw; solid line: bPwr,KP

r
; �: � =

2
Pn�1

k=r �k(Pw); ⇥: �⌫(Pw, Pwr).

0 2 4 6 8 10
10

!1

10
0

r

Fig. 7. Robust performance quantities as the balanced truncation order of
the weighted plant Pw varies; here, bd = 0.4. Solid line: sin�1 bPwr,KP

r
;

�: sin�1 � + sin�1 bd; ⇥: sin�1 �⌫(Pw, Pwr) + sin�1 bd.

model reduction, besides that the model reduction needs to have an
upper bound on the H1 norm of the error.

Theorems 3 and 5 state the stability conditions, and Theorems 2
and 4 state the performance conditions. The analytic bounds on
the normalized coprime stability margin, the ⌫-gap metric, and
model reduction error motivate the performance results. Although
the performance guarantees yield analogous stability guarantees, we
find stronger bounds by employing the internal-model-control-like
structure in [1, Ch. 3.2].

A number of model reduction methods have known analytic
upper bounds on the H1 norm of the reduction error (e.g., modal
truncation, balanced truncation, and optimal Hankel norm reduction).
This H1 norm, by itself, is not the best measure of robust stability—
for robust stability, we only require that the model reduction be accu-
rate near the crossover frequency. Therefore, many model reduction
methods—particularly those that attempt to minimize the H1 norm
of the error—will tend to fit the reduced model to the original model
over a larger frequency range than is necessary for robust stability.

Nevertheless, if the H1 norm of the model reduction error is
bounded from above, then the ⌫-gap metric shares the same upper
bound (see Theorem 1). If the normalized coprime stability margin
between the full-order plant and controller—or between the reduced-
order plant and controller—is greater than the bound on the ⌫-gap
metric, then the full-order plant will provably be stable in closed-
loop with the reduced-order controller. We may conclude this without
actually testing the closed-loop system. Furthermore, the bounds
indicate how accurate a model approximation needs to be, in the
sense of the error’s H1 norm, to be sufficient for guaranteeing
normalized coprime robust stability or performance. This aids the
control designer in choosing a model reduction order.

We demonstrate these sufficient conditions on the control of the lin-
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earized supercritical Ginzburg-Landau equation. For both the design-
then-reduce and the reduce-then-design approaches, the conditions
correctly guarantee values of the controller order r for which [P,Kr]

is stable. Given a desired performance level, they also correctly
guarantee the values of r for which [P,Kr] meets that performance
level. There generally exist lower values of r for which [P,Kr] is
stable or has satisfactory performance, but the theorems are a priori
unable to guarantee such. Nonetheless, the bounds provided by the
theorems and corollaries are fairly tight in this example.

These results are directly implementable in the control of large
systems. For instance, the BPOD and ERA techniques are appli-
cable to computer simulations of a linearized fluid flow, yielding
approximations of the linearized dynamics’ balanced truncation and
Hankel singular values [4], [31]. Theorem 5 can then predict the
plant and controller reduction orders for which the reduced-order
controller is guaranteed to stabilize the flow. Additionally, Theorem 4
can predict the orders for which the closed-loop system is guaranteed
to achieve a desired performance level. This would be beneficial for
the control designer, since fluid flows—and indeed, many other real-
life systems—can be remarkably difficult to stabilize and control well.
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