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This paper investigates the use of balanced reduced-order models for the feedback control

of flow resonances. Specifically, the Eigensystem Realization Algorithm is used to find

balanced reduced-order models of the linear dynamics of such flow resonances. The

method is applied first to a computational problem in direct numerical simulations of

Although the resulting reduced-order models both have fewer than 10 degrees of

freedom, the feedback controllers that are based on them perform very well, with closed-

loop stability achieved over a wide range of operating conditions.

& 2010 Elsevier Ltd. All rights reserved.
1. Introduction

The control of fluid flow is of great potential value for many systems where flow occurs. Its uses include the reduction of a
body’s drag, noise, and structural vibration; the increase of efficiency of a combustion process; and the suitable altering of a
flow’s unsteadiness. The term ‘flow control’ is used widely to refer to a vast range of different approaches, and for this reason
the term can be quite ambiguous.

A useful way of classifying a flow control scheme is by considering whether it uses sensors and actuators. Passive control
techniques typically employ neither sensing nor actuation, instead relying on some modification of the system’s geometry or
boundary conditions to affect the flow. Active control schemes use actuation to provide external energy to the flow, and can
be further divided into open-loop and closed-loop control schemes. In open-loop active control, sensors are not used for
feedback and the forcing is ‘blind’—the actuation does not depend on the measurement of any flow parameter of interest.

This paper is concerned specifically with the closed-loop (or feedback) control of fluid flows. Feedback control schemes
have three essential ingredients: sensors for the measurement of some system parameter; actuators to alter the flow in some
way; and a feedback law by which the actuators respond to the sensor measurements. Feedback control has received a great
deal of attention for many unstable flows including combustion oscillations [1], cavity resonances [2] and vortex shedding
from a bluff body [3]. Many of the early studies of feedback flow control used simple phase-shift controllers that were found
by trial-and-error. More recently, the application of linear control theory to fluid flows has been promoted [4]. These
approaches provide a systematic way to design robust feedback controllers, but necessitate a model of the system-to-be-
controlled.
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Two pertinent issues to address for model-based feedback control of fluid systems are thus the same as those for any
system where one wants to apply model-based feedback control: acquiring a model of the system-to-be-controlled; and
designing a feedback controller based on the model. Acquiring a system model is particularly challenging for fluid flows
because of their dynamical complexity, the Navier–Stokes equations being both high-dimensional and nonlinear. (For the
cavity flow simulations considered in this paper, for example, the full system has of the order of 1�106 degrees of freedom.)
To make the control problem feasible, then, low-order approximations of these high-order dynamics are required, and
methods to do this are now briefly reviewed. (The problem of nonlinearity is addressed in Section 3.)

Model reduction involves finding low-dimensional models that approximate the high-dimensional dynamics of a system.
Consider the linear, time-invariant, discrete-time dynamical system

xðkþ1Þ ¼ AxðkÞþBuðkÞ,

yðkÞ ¼ CxðkÞ, (1)

where u 2 Rp is a vector of inputs, y 2 Rq is a vector of outputs and x 2 Rn is called the system state: n is the order of the
(reduced-order) system, and k is the time step index. We consider the discrete-time case, since we are interested in discrete-
time data from simulations or experiments. With the Navier–Stokes equations as the starting point, there are many
possibilities for generating a reduced-order dynamical of the form (1).

Proper orthogonal decomposition (POD), also known as principal component analysis, or the Karhunen–Lo�eve expansion,
has been used for some time in developing low-order models of fluids [5]. Given a set of data that lie in a vector spaceV, proper
orthogonal decomposition finds a subspace Vn of dimension n such that the error in the projection onto the subspace is
minimized. The resulting POD modes are optimal in that they maximize the average energy in the projection of the data onto
the subspace spanned by the modes. However, these POD modes may not be the best modes for describing the dynamics that
generate the data set, since low-energy features may be critically important to the dynamics. For cavity oscillations, for
example, acoustic disturbances are crucial to the Rossiter mechanism, even though they have much smaller energy than
hydrodynamic pressure fluctuations.

To address this problem, Rowley [6] introduced a method called balanced POD which approximates balanced truncation [7]
for large systems, and which has deep connections with POD. The balancing refers to the observability and controllability
Gramians of the resulting low-order model being equal and diagonal (or ‘balanced’). Physically this means that the dynamics
that generate the data set are properly accounted for, or equivalently that the input–output behaviour of the system is
properly captured. Recalling Eq. (1), one can say that the input u acts on the output y, via the state x. A balanced reduced-order
model retains those states that are most excited by an input u, and in turn that show up most strongly at the output y: this is
exactly what the balancing refers to. We will see this in Section 2.

Because of this balancing procedure, a reduced-order model computed by balanced POD is vastly superior to that given by
POD for a given order n, at least when one is concerned with finding a low-order model for feedback control purposes.
A disadvantage of balanced POD is that solutions of an adjoint system are required, and so the method can only be used in
computational studies and not for experimental data.

Ma et al. [8] have recently shown that the reduced-order models generated by the Eigensystem Realization Algorithm
(ERA) – a method developed for modal parameter identification and model reduction in the structural dynamics community
[9] – are theoretically identical to those generated by balanced POD. A distinct advantage of the ERA is that solutions of an
adjoint system are not required, and so a balanced low-order model can be found from experimental data as well as from
simulations.

The main contribution of this paper is to present a method for finding a low-order, balanced model of the linear dynamics of
a fluid system using the Eigensystem Realization Algorithm. The method is then applied to two systems: first to a
computational problem in direct numerical simulations of the compressible flow past a shallow cavity, and then to an
experiment of combustion oscillations in a Rijke tube.

In Section 2 the high dimension of fluid flows is addressed by looking at forming reduced-order models using the ERA. In
Section 3 the problem of nonlinear dynamics – inevitable for the unstable flows considered in this paper – is addressed by
presenting a method for acquiring the linear dynamics of an unstable fluid flow. The specific choice of feedback controller, the
linear quadratic Gaussian (LQG) regulator, is also described. The method presented is then applied to two quite different
examples: simulations of the compressible flow past a shallow cavity in Section 4 and a lab-scale experiment of combustion
oscillations in Section 5.
2. The Eigensystem Realization Algorithm

This section describes how the Eigensystem Realization Algorithm can be used to form balanced reduced-order models
from input–output data of high-dimensional systems. The ERA has been used for fluids before. Cattafesta et al. [10] and Cabell
et al. [11] used it for flow control purposes, but as a system identification technique rather than for model reduction. Gaitonde
and Jones [12] used it to form a reduced-order model of a CFD scheme, and Silva and Bartels [13] used it for reduced-order
modeling of aeroelastic flutter, but neither of these studies was concerned with feedback control of the flow.
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The starting point for the ERA is the generalized aq� bp Hankel matrix composed of the system Markov parameters:

Hðk�1Þ ¼

Yk Ykþ1 � � � Ykþb�1

Ykþ1 Ykþ2 � � � Ykþb

^ ^ & ^

Ykþa�1 Ykþa � � � Ykþaþb�2

2
66664

3
77775

, (2)

where a and b are integers satisfying bpZn and aqZn, which ensures that H(k�1) is of rank n. Recall that p is the number of
inputs, q is the number of outputs, and n is the system order. The Markov parameter Yk 2 R

q�p for time index k is defined as

Yk9CAk�1B: (3)

See Appendix A for how these Markov parameters can be found from input–output data.
Setting k=1 for the Hankel matrix, substituting in Eq. (3) for the Markov parameters, and decomposing into two matrices,

we find that

Hð0Þ ¼

C

CA

^

CAa�1

2
6664

3
7775½B AB � � � Ab�1B� ¼PaQb, (4)

where Pa 2 Raq�n is called the observability matrix and Qb 2 R
n�bp is called the controllability matrix. The concepts of

observability and controllability are important for forming reduced-order models. The observability matrixPa is linked to the
measurement of the state: a system is said to be observable if it is possible to recover its state from measurements of its inputs
and outputs. The controllability matrixQb is linked to the manipulation of the state: a system is said to be controllable if any
state x can be reached in a finite time when a suitable input is used. Since the Hankel matrix H(0) is composed of the Markov
parameters in Eq. (2), we see from Eq. (4) that the Markov parameters are closely related to these observability and
controllability matrices. For more details on the notions of observability and controllability, see Juang [14] or Åström and
Murray [15].

We now look at using the Eigensystem Realization Algorithm to form a reduced-order model of order n. The observability
and controllability matrices of the reduced-order model will satisfy PT

aPa ¼QbQT
b. The reduced-order model is then called

balanced, and this means that the input–output dynamics of the system that are important for feedback control are properly
accounted for.

Factorizing the Hankel matrix H(0) using the singular value decomposition and truncating to order n, we have

Hð0Þ ¼ RSSTffiRnSnST
n: (5)

Rn and Sn are made up of the first n (orthonormal) columns of R and S respectively. Sn is a rectangular matrix,
Sn ¼ diag¼ ½s1 s2 � � � sn�, with s1Zs2Z � � �ZsnZ0, the first n singular values of H(0). Examining Eqs. (4) and (5) as a
whole, we can write

Hð0Þ ¼PaQbffiðRnS1=2
n ÞðS

1=2
n ST

nÞ: (6)

One possible choice for the decomposition of H(0) is thenPa ¼ RnS1=2
n andQb ¼S1=2

n ST
n, and this choice makes bothPa andQb

balanced in the sense that

PT
aPa ¼S1=2

n RT
nRnS1=2

n ¼Sn,

QbQT
b ¼S1=2

n ST
nSnS1=2

n ¼Sn: (7)

PT
aPa and QbQT

b are called the observability and controllability Gramians of the reduced-order model, and are equal and
diagonal by Eq. (7).

The B matrix is then given by the first p columns ofQb, and the C matrix is given by the first q rows of PaFsee Eq. (4). To
find the A matrix, let k¼ 2 in Eq. (2) and use Eq. (6) to give

Hð1Þ ¼PaAQbffiðRnS1=2
n ÞAðS

1=2
n ST

nÞ,

from which A can be found. For a more rigorous treatment of the ERA, see Juang and Pappa [9] or Juang [14].
The state-space model (1) given by the ERA is balanced: the controllability and observability Gramians are diagonal and

equal by Eq. (7), and this means that the dynamics of the system are properly taken into account. Furthermore, an upper bound
for the error in the reduced-order model can be derived. Let Pn denote the transfer function of the reduced-order model of
order n, and let Pr denote the transfer function of the full system. Then the H1-norm of the error satisfies

JPr�PnJ1r2
Xr

j ¼ nþ1

sj, (8)

(twice the sum of the tails), where sj are the Hankel singular values of Pr.
Please cite this article as: S.J. Illingworth et al., Feedback control of flow resonances using balanced reduced-order models,
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Finally, we briefly note a connection to POD here: the modes found by POD are the most controllable modes, and the
observability of the modes is not taken into consideration. This helps to explain some of the inadequacies of POD for feedback
control, since the most controllable modes may be only weakly observable.

3. Common procedure for feedback control design

A procedure for acquiring a linear, low-dimensional model of a fluid flow, and for using this model for the design of a
feedback controller, is now presented. This procedure will be used for the feedback control of cavity resonance simulations in
Section 4 and of combustion oscillation experiments in Section 5. First, a method for acquiring the linear dynamics of the
unstable systems of interest is presented. Second, the specific type of feedback controller used, the linear quadratic Gaussian
(LQG) regulator, is described.

3.1. Linearization of the open-loop system

We are interested in applying linear control theory to flow resonance phenomena, and so clearly a linear model of the
phenomenon must be available. This is challenging for an unstable system, since the growing amplitudes will ultimately give
rise to nonlinear limit-cycling behaviour.

One solution to this problem is to acquire the model at a stable operating point which is close to the unstable case of
interest. This stable system will have a linear response to (sufficiently small) forcing, and one hopes that a controller designed
for this stable system will also be successful for the unstable system of interest. This approach was successfully used for the
model-based feedback control of combustion oscillations by Langhorne et al. [16] and by Tierno and Doyle [17].

A second solution, and the solution used in this paper, is to first stabilize the flow using feedback, and to measure the
response to forcing of the (linear) system operating in closed-loop. This approach was used successfully by Morgans and
Dowling [18] for combustion oscillations, and is shown schematically in Fig. 1, where P(s) is the open-loop system of interest
and C(s) is a feedback controller, typically found by trial-and-error. The total input u is given by u¼ uw�uf (negative feedback
convention), where uw is a forcing signal and uf is the control signal from the feedback controller. The system’s open-loop

transfer function P(s) is then given by

y¼ PðsÞu:

Therefore despite the system’s operating in closed-loop, its open-loop dynamics are recovered. (If instead the forcing signal
uw were used as the system input, the closed-loop, stabilized transfer function would be found.)

One must ensure that the system is responding linearly to the forcing signal uw for the forcing amplitudes used. This was
verified for both systems by checking that the controlled system satisfied both the additive property yðu1þu2Þ ¼ yðu1Þþyðu2Þ

and the homogeneous property yðauÞ ¼ ayðuÞ.
The ERA can then be applied to the stabilized system to find its linear dynamics. Since the system is operating in closed-

loop, an extension to the ERA called observer/controller identification (OCID) is used: see Appendix B for more details on
the OCID.

One may now ask: if the system is already stabilized, why do we need to design a controller for it? The answer lies in the
superior performance of a model-based controller: the initial stabilizing controller is typically found by trial-and-error, but
feedback control is most successful when an accurate model of the system-to-be-controlled is available. In Sections 4 and 5
we will see that by using an accurate model of the flows of interest, control can be achieved over a very wide range of
operating conditions.

A disadvantage of the present method is that the dynamics generating the instability need to be reasonably simple
(in some sense) for the system to be stabilized by trial-and-error in the first place. There are two things that one should keep in
mind concerning this point. First, a model-based controller should provide stability over a range of open-loop plants, and this
means that one can start with a relatively ‘gentle’ instability, and then apply the controller so-designed at a more challenging
design point. One may even design the controller for a nearby stable operating point, and reasonably expect that the
controller will be successful on the unstable plant: this has previously been achieved for combustion oscillations [16,17].
Second, it has been acknowledged for some time that there are advantages to performing system identification in closed-loop
Fig. 1. Closed-loop arrangement used for linear forcing of the flow.

Please cite this article as: S.J. Illingworth et al., Feedback control of flow resonances using balanced reduced-order models,
Journal of Sound and Vibration (2010), doi:10.1016/j.jsv.2010.10.030

dx.doi.org/10.1016/j.jsv.2010.10.030


S.J. Illingworth et al. / Journal of Sound and Vibration ] (]]]]) ]]]–]]] 5
rather than in open-loop [19], since it is the closed-loop behaviour that one is ultimately interested in. Indeed, given two
systems (which could represent two different operating conditions, for example), it is possible for those systems to be very
similar in their open-loop behaviour, yet very different in closed-loop (and vice versa) [20], which further motivates this
approach.

3.2. LQG regulator design

We now look at the specific choice of feedback controller that will be used in Sections 4 and 5—the linear quadratic
Gaussian (LQG) regulator.

A closed-loop control arrangement for some general plant P(s) is shown in Fig. 2. Here C(s) is the closed-loop regulator-to-
be-designed. The effect of noise (n) and disturbances (d) is included.

For the discrete-time state-space model defined by Eq. (1), a linear quadratic (LQ) regulator uses the state feedback law

u¼�Kx (9)

to minimize the quadratic cost function

J¼
X1

i ¼ 0

ðxTQxxþuTQuuÞ: (10)

Qx 2 R
n�n and Qu 2 R

p�p are weighting matrices used to penalize large system states and large control inputs respectively.
Substituting Eq. (9) into Eq. (1), we obtain the closed-loop system

xðkþ1Þ ¼ ðA�BKÞxðkÞ,

yðkÞ ¼ CxðkÞ, (11)

and we see that, by suitable choice of the feedback gain matrix K, the eigenvalues of (A�BK) – and therefore the dynamics of
the closed-loop system – can be made stable.

Linear quadratic (LQ) control assumes that the full state x is available to the regulator—this state is used in the feedback
law (9). In many cases, though, the full state is not available for measurement, the regulator having direct access only to the
inputs u and the outputs y. Linear quadratic Gaussian (LQG) control remedies this by using an observer to form an estimate x̂ of
the real state x. This estimate of the state is used in the LQG control feedback law,

u¼�Kx̂: (12)

It remains to see how the estimate of the state x̂ is formed. The Gaussian term in linear quadratic Gaussian control refers to
the specific type of observer used, a Kalman filter. A Kalman filter amounts to a specific choice of the observer which is
optimal, in the sense that the error converges in the presence of stochastic disturbances d and noise n (see Fig. 2), assumed to
be zero-mean, Gaussian, white-noise processes.

The LQG and optimal estimation problems can be solved using standard routines in Matlab. The resulting LQG controller
and observer can then be combined to give an overall regulator C(s), which is of the same order as the plant model P(s).

It should be noted that although the LQ control problem has guaranteed stability margins, there are no such guaranteed
margins for the LQG control problem [21], and therefore the stability margins must be checked for a given control design. In
practice, though, LQG control often gives very satisfactory results, and this will be seen for the specific cases of interest in
Sections 4 and 5.

4. Application to cavity oscillations

The techniques described in Sections 2 and 3 are now applied to simulations of the compressible flow past a shallow cavity.
The basic configuration of a cavity flow is shown in Fig. 3. The mechanism leading to self-sustained oscillations in such
cavities – commonly attributed to Rossiter [22] – is as follows. The shear layer formed at the cavity’s upstream corner
amplifies disturbances as they convect downstream, which are then scattered into pressure fluctuations at the cavity’s
downstream corner. These pressure fluctuations propagate back upstream, and excite further disturbances in the shear layer
Fig. 2. General closed-loop control arrangement. The effect of noise (n) and disturbances (d) is included.
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via a receptivity process, creating a feedback loop. For suitable phase change of the disturbance, resonance occurs.
See Rockwell and Naudascher [23] or Blake and Powell [24] for a review of cavity oscillations, and Cattafesta et al. [2] for a
review of their control.
4.1. Cavity geometry and numerical method

The two-dimensional, compressible flow past a rectangular cavity is considered. The flow conditions are for a Mach
number M=0.6, length to depth ratio L/D=2.0, a Reynolds number based on momentum thickness y at the cavity leading edge
of Rey ¼ 56:8, and L=y¼ 52:8.

The flow is solved using direct numerical simulation. The Navier–Stokes equations are non-dimensionalized according to
the usual compressible non-dimensionalization. The simulations have been carefully validated using grid resolution and
boundary placement studies, together with comparison with experimental data [25]. The simulation uses 240�96 grid
points inside the cavity and 1008�384 grid points above the cavity, which is sufficient to resolve all scales at this Reynolds
number.

At these conditions, the flow develops into a limit-cycle, with the two most energetic peaks in the spectra occurring at
Strouhal numbers of 0.40 and 0.70. These peaks are in reasonable agreement with the first two modes predicted by the semi-
empirical formula of Rossiter [22]:

Stn ¼
fnL

U
¼

n�g
Mþ1=k , n¼ 1,2, . . . , (13)

which predicts the first two modes at Strouhal numbers of 0.32 and 0.74. Here n is the mode number, andk and g are empirical
constants corresponding to the average convection speed of disturbances in the shear layer and a phase delay. Typical values
are g¼ 0:25 and 1=k¼ 1:75, which are the values used here.

Fig. 4(a) shows the cavity geometry. Actuation is provided by a body force rv – where r is the fluid density and v is a
velocity component which is perpendicular to the free-stream – positioned in the shear layer a distance L/20 from the cavity
upstream corner. A pressure sensor is used for the feedback signal, which measures the pressure half-way up the
downstream wall.

A low-order model of the cavity flow is found using the procedure described in Sections 2 and 3. The arrangement for
obtaining the low-order model is shown in Fig. 4(b). Since the open-loop system is unstable, the cavity must first be stabilized
so that the linear open-loop transfer function can be found. Stability is achieved by using a dynamic phasor model, developed
for the cavity flow by Rowley and Juttijudata [26]. This dynamic phasor postulates a model that captures the relevant
dynamical features of the nonlinear, limit-cycling flow. It was found that this controller eliminated oscillations in direct
numerical simulations, and so it is used for the present linearization of the system.
Fig. 4. Cavity flow: (a) the cavity geometry showing the location of the body force and the pressure sensor and (b) the corresponding block diagram for the

system linearization.
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4.2. Feedback controller design

The ERA can now be applied to the cavity flow depicted in Fig. 4. To validate the models obtained, the frequency response of the
reduced-order model is compared to that given by spectral analysis [27, Chapter 6]. Using a reduced-order model with 140 states,
the frequency responses of the reduced-order model and the spectral estimate are almost indistinguishable: the comparison is
shown in Fig. 5. We seek a low-order model of the cavity flow, and so the question now arises: How many states are required for
feedback control purposes? Using just eight states in the ERA-derived reduced-order model, the first three Rossiter modes are very
well-captured, as shown in Fig. 5. (This means that theH1-norm of the error JPr�PnJ1 in Eq. (8) is sufficiently small using eight
states.) This 8-state reduced-order model will now be used for the design of a linear quadratic Gaussian regulator.

The low-order model found in simulations in Fig. 5 does not include an actuator transfer function. The actuator dynamics can be
important for cavity oscillations, especially when the actuator has limited bandwidth [28], so an actuator is included for the
model-based control design and results. The actuator transfer function used L(s) is a second-order, under-damped system:

LðsÞ ¼ kL
o2

L

s2þ2zLoLsþo2
L

,

with kL=1.0,oL ¼ 6:28 (which corresponds to a non-dimensional frequency of fL=1.0) and zL ¼ 0:3. Here s is the Laplace variable.
See Kegerise et al. [29] for example, where the frequency response of the piezoelectric actuator used is typical of this type. In an
experiment, L(s) would represent the transfer function between the control voltage provided by the feedback controller and the
control body force provided by the actuator rvc. The LQG regulator is designed for the system including this actuator.

The cavity flow has a single input, and so Qu in Eq. (10) is simply a scalar. Choosing the output measurement y¼ Cx as the
output cost (giving Qx ¼ CTC), the quadratic cost function has the simple form

J¼
X1

i ¼ 0

ðp2
c þquðrvcÞ

2
Þ,

where the scalar qu is used to specify the relative importance of maintaining a small input signal (rvc) and maintaining a small
output measurement (pc). The value chosen is qu=2.5�10�3. (This is small because typical values of the measured pressure
perturbation pc are much smaller than the control forcing rvc .)

Very little noise is encountered in the simulations, but one expects more in a real experiment, so Gaussian white noise is
artificially added to the pressure measurement. The variance of this noise (which is 7.5�10�7) is used in the design of the
observer.

Fig. 6 shows the frequency response magnitude plot of the LQG regulator C(s), together with the open-loop plant
(including actuator) L(s)P(s) and the overall ‘loop gain’ C(s)L(s)P(s). Unsurprisingly, the regulator’s response is largest at the
frequencies of the two unstable modes, where the benefits of feedback (i.e. for closed-loop stability) are sought.
4.3. Closed-loop control results

We now look at how the LQG regulator performs in direct numerical simulations of the cavity flow. The LQG regulator is first
applied at the design point: a free stream Mach number of M=0.6. Since the state-space model of the system has been validated
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(Fig. 5), and since the optimal control techniques used should provide reasonable robustness to changes in the plant, the regulator
should exhibit good robustness to changes in Mach number. This is tested by applying the controller at off-design conditions.

Closed-loop control results for the design case of M=0.6 are shown in Fig. 7, where control is activated at approximately 76
non-dimensional time units.1 The LQG regulator stabilizes the flow, and the pressure measurement is reduced to the
background noise level.

Fig. 8 shows the results of the LQG regulator applied at off-design Mach numbers. Results for Mach numbers of 0.5 and 0.7 are
shown. The LQG regulator performs well at M=0.5, still providing closed-loop stability. It performs less well at M=0.7 though:
oscillations, although made significantly smaller by the regulator, persist. This poorer performance at higher Mach numbers is a
result of the cavity’s modified dynamics, and is not a result of the 8-state reduced-order model used: the same limitations would
be encountered by the controller if a higher-order model of the cavity were used. The closed-loop behaviour at Mach numbers of
M=0.4 and 0.8 (not shown) follows a similar trend: closed-loop stability is still achieved at the lower Mach number of M=0.4, but
oscillations are only slightly reduced for the M=0.8 case. For more details, see Illingworth [30].

A comparison of the open-loop and closed-loop spectra for the three cases is shown in Fig. 9. Since the measured pressure
is non-dimensional, the spectra are plotted in dB relative to unity, and therefore do not represent a sound pressure level (SPL).
It is clear in each plot that the pressure spectrum is significantly reduced by feedback control, with a reduction of 41 dB at
M=0.6, of 44 dB at M=0.5, and of 37 dB at M=0.7.

For the original dynamic phasor controller, oscillations were reduced but not stabilized at M=0.65, and at M=0.55
oscillations were actually made larger by control. Therefore the range of Mach numbers at which closed-loop stability is
achieved by the LQG regulator (0:4rMr0:7) is much wider. Furthermore, this range compares very favourably with that
seen in previous feedback control studies [11,29,31].
1 Notice here that the open-loop pressure actually decreases slightly as the limit-cycle is approached.
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5. Application to combustion oscillations

We now look at applying the same techniques to experiments of combustion oscillations in a Rijke tube.
Combustion oscillations can occur in any system where combustion takes place within an acoustic resonator, and are

caused by a coupling between unsteady heat release and acoustic waves. Unsteady combustion is an efficient acoustic source
[32], and combustors tend to be highly resonant systems, which together can lead to self-excited oscillations by the following
mechanism, first described by Rayleigh [33]. Pressure waves, generated by unsteady heat release at the flame, reflect from the
combustor boundaries and arrive back at the flame. If the phase relationship is suitable, their interaction with the flame gives
rise to further unsteady heat release, which in turn generates more pressure waves, completing the feedback loop. See Candel
[34] for a review of combustion oscillations, and Dowling and Morgans [1] or McManus [35] for a review of their control.

5.1. Experimental arrangement

The Rijke tube provides a simple means of generating combustion oscillations on a laboratory scale. It consists of a vertical
cylindrical tube open at both ends, with a heat source inside the tube some distance from the lower end. Large-amplitude
acoustic oscillations are excited when the heat source is in the lower half of the tube [36].

The Rijke tube used is the same as that used by Morgans and Dowling [18]. It consists of a cylindrical quartz tube of length
750 mm and diameter 44 mm inclined vertically as shown in Fig. 10(a). In these experiments a variable length trombone-like
attachment is also used, which allows the length of the Rijke tube to be varied between 750 and 1030 mm. (A reduced-order
model of the Rijke tube will be formed for a length of 890 mm, which exhibits oscillations at a frequency of 227 Hz in the
absence of control.) A propane-fuelled Bunsen burner provides a laminar flame which is stabilized on a grid 210 mm above
the bottom of the tube.
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Fig. 10. Experimental set-up of the Rijke tube: (a) schematic and (b) corresponding block diagram for the system linearization.
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Measurement of the pressure perturbation (denoted pc) is provided by a Brül and Kjær condenser microphone (type 4135)
fitted to a tube tapping situated 410 mm from the bottom of the tube. The semi-infinite line technique is used to obtain
thermal insulation without distortion from acoustic reflections. Actuation is achieved using a 50 W low-frequency
loudspeaker (RS component, type 267-7006), with the control voltage to the loudspeaker before amplification denoted
Vc—see Fig. 10(a). The loudspeaker is situated close to the lower end of the tube. The loudspeaker exhibits a flat frequency
response over the frequency range of interest (50–2000 Hz). Outside of this range, its dynamics become more complicated. To
eliminate these dynamics, a bandpass filter (eighth-order Butterworth filter) is applied to the microphone signal with a pass-
band from 50 to 2000 Hz. A saturation limit of 74.5 V is set on the voltage to the loudspeaker. Data acquisition is achieved
using a National Instruments Labview data acquisition system sampled at 5000 Hz. The control law is implemented using a
32-bit digital signal processing (DSP) board (Texas Instruments type 6713), the control signal Vc passing first through a 50 W
RMS amplifier (manufactured in-house).
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A low-order model of the Rijke tube is found using the procedure described in Sections 2 and 3. The arrangement for
obtaining the low-order model is shown in Fig. 10(b). Note that the transfer function of interest – between the control voltage
Vc and the pressure measurement pc – includes the bandpass filter, amplifier and loudspeaker. Again, since the open-loop
system is unstable, the system must first be stabilized so that the linear open-loop transfer function can be found—this
stability was achieved by manually tuning a trial-and-error phase-shift controller.

5.2. Feedback controller design

The ERA is now applied to the Rijke tube experiment depicted in Fig. 10. To validate the models obtained, the
frequency response of the reduced-order model is compared to that given by spectral analysis (as it was in Section 4).

Using a reduced-order model with 150 states, the frequency responses of the reduced-order model and the spectral
estimate are almost identical: the comparison is shown in Fig. 11. Using just eight states in the ERA-derived reduced-order
model, the unstable mode and its first harmonic are well-captured, as shown in Fig. 11. We will now see that this 8-state
model is sufficient for feedback control purposes when it is used for the design of a linear quadratic Gaussian regulator.

The Rijke tube has a single input, and so Qu in Eq. (10) is simply a scalar. The output measurement y=Cx is chosen as the
output cost (giving Qx ¼ CTC), and the quadratic cost function has the same simple form seen in Section 4.2:

J¼
X1

i ¼ 0

ðp2
c þquV2

c Þ,

with qu=5.0�105. (This is large because typical values of the measured pressure perturbation pc are much larger than the
control voltage Vc.)

Fig. 12 shows the frequency response magnitude plot of the LQG regulator C(s), together with the open-loop plant P(s) and
the overall ‘loop gain’ C(s)P(s). The regulator’s response is largest at low frequencies, where the benefits of feedback (i.e. for
closed-loop stability and disturbance rejection) are sought. Notice that the loop gain C(s)P(s) is greater than 0 dB at the
unstable frequency—this is required for closed-loop stability.
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Fig. 13. Closed-loop control of the Rijke tube at the design length of 890 mm.
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5.3. Closed-loop control results

We now look at applying the LQG regulator to the Rijke tube experiment. The LQG regulator is first applied at the design
length of 890 mm. The robustness of the regulator is then tested by applying it at off-design lengths of 750 and 1030 mm,
which represent the full range of available lengths of the Rijke tube.

Closed-loop control results for the design length of 890 mm are shown in Fig. 13. Control is activated after 0.25 s, by which
time the Rijke tube is exhibiting limit-cycle oscillations. The LQG regulator stabilizes the flow, and the pressure measurement
is reduced to the background noise level within approximately 0.15 s.

Fig. 14 shows the results of the LQG regulator applied at off-design Rijke tube lengths. Results for lengths of 750 and
1030 mm are shown. In both cases the regulator still provides closed-loop stability when control is activated after 0.25 s, and
the pressure measurement is still reduced to the background noise level. These lengths represent the full range of the variable
length attachment, and correspond to a change in length of 718.7% from the nominal length of 890 mm. Comparing this with
the original trial-and-error controller makes clear the advantages of the model-based control approach: this original
controller loses stability following a change in length of less than 3.0%.

A comparison of the open-loop and closed-loop spectra for the three cases is shown in Fig. 15. Again, it is clear that the
pressure spectrum is significantly reduced by control, with a reduction of 62 dB at the design length of 890 mm, of 54 dB at a
length of 750 mm, and of 45 dB at a length of 1030 mm.
5.4. Discussion

A few remarks are in order here: first concerning the order of the Rijke tube’s state-space model; second concerning the
Rijke tube’s linearity; and third concerning the Rijke tube’s off-design dynamics.

The 8-state reduced-order model captures the first two modes of the Rijke tube, but in many ways it is most important to
capture the first (unstable) mode, and to do this a reduced-order model with just two states suffices. Closed-loop control
experiments were also performed using an LQG regulator based on this two-state model, and closed-loop stability was still
achieved, even as the Rijke tube’s length was varied. However, one must also consider that, although the higher-order modes
do not need to be stabilized by the controller, they could be destabilized by it, and so in practice, accounting for them with a
higher-order model is wise.

The state-space model found represents the linear dynamics of the Rijke tube, but the controller is activated from within a
pressure limit-cycle, which is certainly not linear. Such behaviour – where linear control methods stabilize the nonlinear
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system – has been seen previously in closed-loop control studies of combustion oscillations, and Dowling [37] provides an
explanation for it using describing function analysis.

Finally, we have seen that the regulator – designed for a length of 890 mm – still provides closed-loop stability at lengths of
750 and 1030 mm. This suggests that the LQG regulator’s robustness is sufficient to deal with the dynamical differences
between these three systems, but we have not attempted to quantify this. This could be achieved using the n-gap metric [20],
which is the most useful measure of distance between systems when one is concerned specifically with applying feedback to
those systems. The n-gap metric fits very naturally into anH1 loop-shaping control design, and this would be an interesting
area for future work—both for the Rijke tube and for cavity oscillations.

6. Concluding remarks

There are two pertinent issues to address for model-based control of any system: acquiring a model of that system and
using the model to design a feedback controller. This paper has focused on forming simple models of flow resonances that are
useful for feedback control purposes. Specifically, the Eigensystem Realization Algorithm has been used to form reduced-
order, linear models of such resonances: first for simulations of the compressible flow past a shallow cavity and second for a
lab-scale experiment of combustion oscillations.

The advantages of this type of model-based control are clear. For cavity oscillations, a reduction in the peak amplitude of
between 37 and 44 dB is achieved. For the Rijke tube, a reduction of between 45 and 62 dB is seen. Therefore for both systems,
models with fewer than 10 degrees of freedom have proved sufficient for feedback control purposes, and the feedback
controllers work not only at their design operating point, but also over a wide range of off-design conditions.
Acknowledgements

S.J. Illingworth gratefully acknowledges financial support from the Engineering and Physical Sciences Research Council
(EPSRC) and Rolls-Royce plc. A.S. Morgans gratefully acknowledges the Royal Academy of Engineering and the EPSRC, who
supported her as a Research Fellow throughout this work.

Appendix A. Determining the Markov parameters

This section describes how the Markov parameters, used to form the Hankel matrix (2) in Section 2, can be found from
input–output data.

For zero initial state, x(0)=0, the response of the system (1) to some input series u(k) is given by

yð1Þ ¼ CBuð0Þ,

yð2Þ ¼ CABuð0ÞþCBuð1Þ,

^

yðsÞ ¼
Xs

k ¼ 1

CAk�1Buðs�kÞ: (A.1)

From the definition of the Markov parameters in Eq. (3), y(s) can therefore be written as

yðsÞ ¼
Xs

k ¼ 1

Ykuðs�kÞ

or, in matrix form,

yð1Þ

yð2Þ

^

yðsÞ

2
66664

3
77775
¼

Y1 0 � � � 0

Y2 Y1 � � � 0

^ ^ & ^

Ys Ys�1 � � � Y1

2
66664

3
77775

uð0Þ

uð1Þ

^

uðs�1Þ

2
66664

3
77775

,

which can be solved for Yi.
Any input signal which contains the frequency range of interest can be used for determining the Markov parameters:

examples include broadband noise or a sinusoidal sweep (or ‘chirp’). If we look at the specific case of an impulsive input
signal, u(0)=1, u(k)=0 for ka0, then Eq. (A.1) becomes (using Eq. (3))

yðkÞ ¼ CAk�1B¼ Yk:

Therefore for an impulsive input, the Markov parameter Yk at time step k is given simply by the output at that time step, y(k).
For this reason the Markov parameters are often referred to as the system’s ‘impulse response’.
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Appendix B. Observer/controller identification (OCID)

The ERA is only applicable to stable systems. We can see the problem with applying the ERA to an unstable system by again
considering Eq. (3):

Yk9CAk�1B:

For a stable system subjected to an impulse, the term Ak�1 becomes progressively smaller, and the Markov parameter (or
‘impulse response’) YkC0 for sufficiently large k. For an unstable system, however, Ak�1 becomes progressively larger, and no
such approximation can be made. (A similar problem can occur for lightly damped systems, where the k required to satisfy
YkC0 can become prohibitively large.)

For an unstable system made stable by feedback, OCID remedies this problem by first computing the Markov parameters
of the closed-loop, stable system. Using these Markov parameters, and the fact that both the forcing signal and the feedback
signal can be measured (uw and uf in Fig. 1), OCID then finds the Markov parameters of the open-loop, unstable system and of
the controller. These Markov parameters can be used to find a state-space realization of the open-loop system (and, if desired
the closed-loop controller).

For more details of OCID, see Juang [14, Chapter 8].
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