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Abstract Flow control is applied to a three-dimensional post-stall flow around a
rectangular low-aspect-ratio wing. Steady actuation is used to examine effective
flow control setups that modify the vortex dynamics in the wake and achieve in-
crease in lift. For one of the setups, oscillatory forcing is then used to examine the
influence of actuation frequency. It is found that sinusoidal actuation requires less
momentum to the flow field to achieve lift increase compared to steady momentum
injection. There are two observed ranges of forcing frequency at which the flow
locks onto period-one and period-two high-lift states. Discussions of the ongoing
work on stabilizing separated flow about these periodic high-lift states are offered.

1 Introduction

Recent research efforts in unmanned aerial vehicles have focused on reducing the
size of the airframe to allow their operations in confined spaces, such as urban en-
vironments. These miniature airplanes are referred to as micro air vehicles (MAVs).
Currently the operational Reynolds number of MAVs has reached 104, and with
further advances in miniaturization this is expected to become smaller. The aero-
dynamics at these low Reynolds numbers is vastly different from the conventional
aerodynamic theories that are mainly concerned with high-aspect-ratio wings and
high Reynolds numbers.
Since the Reynolds number at which insects and birds use their wings overlaps

with the operational Reynolds number of MAVs, it is thought that understanding
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the unsteady flight mechanism of stationary and flapping wings can be beneficial in
designing highly maneuverable and energy-efficient MAVs [15, 16, 11]. In order to
realize such aerodynamic performance, we require the understanding of not only the
conventional aerodynamic theories but also the unsteady vortex dynamics resulting
from the fully separated flow, such as those observed in flapping flight [18, 7, 8, 4,
5, 19].
In the present work, we investigate the low-Reynolds-number aerodynamics

around low-aspect-ratio wings, which are often employed in the design of MAVs,
for pure translation [25]. Basic understanding of the aerodynamic performance of
low-aspect-ratio wings in these environments is crucial in unsteady operations at
high angles of attack with full separation and under relatively large unsteadiness in
the atmosphere [28].
Furthermore, the application of active flow control is explored in an effort to en-

hance and to achieve stable aerodynamic performance of the low-aspect-ratio wings.
Past flow control studies have investigated the use of periodic excitation to delay
separation and reattaching separation for lift enhancement [21, 10, 2, 22]. Modifica-
tion of the flow around the trailing edge by the use of Coanda effect to increase the
spanwise circulation for enhance lift has also been considered [13]. These studies
have mostly relied on two-dimensional arguments and are used for lower angles of
attack than what is considered in the current investigation.
The control objective here is not to reattach the flow, but rather to modify the

three-dimensional vortex dynamics to enhance lift. Both steady and oscillatory force
inputs are applied to alter the wake dynamics and the corresponding vortical forces
[24, 27]. Concurrent studies have looked into the use of feedback control in stabi-
lizing the separated flow around a two-dimensional airfoil about an unstable steady
state [1], and locking the von Kármán shedding on a periodic high-lift state [12].
Understanding from these flow control studies are to be combined with the present
three-dimensional investigation in the course to design a three-dimensional feed-
back controller about a state with enhanced aerodynamics performance.
The nature of the present flow control investigation is exploratory and is intended

to uncover novel lift enhancement mechanisms for separated flows around low-
aspect-ratio wings. Modest actuation inputs realizable with the use of synthetic or
plasma actuators are considered, in hopes to expand the operational envelop and to
pursue agile maneuvers of MAVs in environments with external perturbations. Fo-
cus is placed on achieving significant lift increase with actuation at post-stall angles
of attack in the time-average sense.

2 Simulation Method

Three-dimensional incompressible flow around a rectangular low-aspect-ratio wing
is simulated with the immersed boundary projection method [23]. The flow field is
represented by a Cartesian grid while the rectangular wing is represented by a set
of Lagrangian points, where regularized boundary forces are applied to counteract
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the flow such that the no-slip condition is satisfied. Spatial discretization is based
on the second-order staggered-grid finite-volume formulation and the time integra-
tion is performed with the Crank–Nicolson and the second-order Adams–Bashforth
schemes for the viscous and convective terms, respectively. Further details on the
numerical approach can be found in [23, 6].
Simulations are performed in a box with dimension [!4,6.1]" [!5,5]" [!6,6]

in the x (streamwise), y (vertical), and z (spanwise) directions normalized by the
chord length c of the wing. A typical grid size of 150"66"156 is used, with grid
stretching away from the wing. A uniform flow of (U∞,0,0) is prescribed for the
boundary condition except for at the outflow boundary, where a convective bound-
ary condition is specified. The wing is infinitely thin in the limit of Δx# 0 but, with
finite resolution, the wing thickness is about one cell-width after discretization, be-
cause of the regularized delta function used in the immersed boundary method.
In the computations, the low-aspect-ratio wing is instantaneously materialized

at t = 0+ in an initially uniform flow field. This initial condition corresponds to
an impulsive translation. In this paper, the temporal variable t is taken to be non-
dimensionalized by the free stream velocityU∞ and the chord c. Numerical integra-
tion is performed with a time step of U∞Δ t/Δx $ 0.5. Extensively validation has
been performed in the works of [25, 24, 1, 27].
Throughout this paper, we consider a Reynolds number of Re %U∞c/ν = 300,

which is above the critical Reynolds number for shedding yet low enough to con-
sider separation in the laminar regime. The lift and drag coefficients are defined as
CL % Fy/ 12ρU

2
∞bc and CD % Fx/ 12ρU

2
∞bc, respectively, where b is the wing span.

The aspect ratio of the rectangular wing is defined as AR= b/c.

3 Vortex Dynamics

Simulations are performed to investigate the unsteady nature of separated flow and
vortex dynamics around low-aspect-ratio flat-plate wings. The influence of angle of
attack (α) and aspect ratio (AR) on the stability of the wake and the force experi-
enced by the wing is studied at Re= 300.
Immediately after the impulsive start of the wings, topologies of the wake vor-

tices are found to be similar across different aspect ratios and angles of attack. Be-
hind low-aspect-ratio rectangular plates, the initial leading-edge vortex is found to
form and eventually separate as a hairpin vortex. This phenomenon is similar to dy-
namic stall observed behind pitching wings. The detached structure then interacts
with the tip vortices, reducing the downward velocity induced by the tip vortices
acting upon the leading-edge vortex. This phenomenon results in a large transient
lift immediately after the start with significant decrease in lift later in time due to
the pinch off of the leading-edge vortices.
At large time, three-dimensional separated flows behind low-aspect-ratio plates

reach one of the three states: (i) a steady state, (ii) a periodic unsteady state, or
(iii) an aperiodic unsteady state as illustrated in Figure 1. Stability boundaries in
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the figure are approximate and are based on a number of simulations performed
where represented by the symbols. Classification of states is based on whether the
power spectrum of lift history exhibits a dominant shedding frequency. In the case
of periodic flows, it is observed that the Strouhal number for the shedding St %
csinα fn/U∞ & 0.12 is uniform for the angles of attack and aspect ratios presented
in Figure 1.




      











!



 

Fig. 1 Wake stability at large time and representative snapshots of the wake vortices for various α
and AR at Re= 300. Shown are the vorticity (gray) and Q-criteria (aquamarine) iso-surfaces.

These three-dimensional flows are vastly different from the analogous two-
dimensional flows. We have observed that the tip effects in three-dimensional flows
can stabilize the flow and also exhibit nonlinear interaction with the other shedding
vortices. Even when the aspect ratio is increased to 4, the flow along the mid-span
does not approach the two-dimensional von Kármán vortex shedding since spanwise
cellular structures emerge. Asymmetric wakes about the mid-span are also observed
for aperiodic flows around rectangular wings at high angles of attack. While only a
brief overview is provided here, a detailed description of the vortex dynamics can
be found in [25].
For the flow control studies presented later in the present paper, we consider the

case of AR= 2 and at a post-stall angle of attack at α = 30', since the wake exhibits
interesting unsteady vortex dynamics amongst the leading-edge, trailing-edge, and
tip vortices.

4 Active Flow Control

The current objective of flow control is to enhance lift at post-stall angles of attack
by modifying the dynamics of the three-dimensional wake vortices. Unlike most
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other investigations, the goal here is not to reattach the flow or delay separation but
to utilize the change in vortical forces generated by the modified vortex dynamics.
In what follows, the actuator model used in the computation is described. We

then discuss the effect of using steady blowing around the low-aspect-ratio wing
and describe the three-dimensional mechanism for lift enhancement. Based on this
understanding of how wake dynamics can be altered in a favorable manner, oscilla-
tory forcing is considered as an alternative to steady blowing with less momentum
injection. At last, ongoing work on feedback control to maintain the high-lift state
observed from the open-loop study is presented.

4.1 Actuator Model

In the simulations, the actuators are modeled as external force added to the mo-
mentum equation. Steady and oscillatory forcing are introduced in the following
manner:

(steady forcing) fact = f̂act, (1)
(oscillatory forcing) fact = f̂act [1! cos(2π f t)]/2, (2)

where the control input is prescribed with a factor f̂act and a frequency f . In this
actuator model, momentum injection to the fluid is emphasized while the effect of
mass injection is not included. Oscillatory forcing is provided here as a model for
the zero-net-mass-flux actuator (synthetic jet), which has be used in past control
studies to effectively enhance the aerodynamic performance of airfoils [21, 9].
To describe the amount of forcing input required in each flow control case, we

define the momentum added to the flow relative to the free-streammomentum as the
steady and oscillatory momentum coefficients:

Cµ %
ρu2actσb
1
2U2∞bc

and
!

Cµ
"

%
ρ (uact)2σb

1
2U2∞bc

, (3)

respectively, where the quantities with over bar and ( ) represent time-average
and root-mean-square values. The slot width σ is set to be the effective width
of the regularized delta function [20] that is used to represent the actuator and is
σ/c = Δx/c = 0.04. To characterize the actuator velocity uact, a simulation is per-
formed with blowing around the wing in quiescent free space with a prescribed
force amplitude. The center of forcing is selected for sampling this characteristic
velocity. The actuator is placed three grid cells (3Δx/c= 0.12) from the top surface
of the wing to avoid numerical interference between the actuator and the immersed
boundary force. A schematic of the actuator setup is presented in Figure 2.
Momentum coefficients are chosen to be O(1%), which are larger than what

typical values are in past experimental studies. The model slot width is limited
by the grid resolution and hence results in larger coefficients. The present choice
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!

fact

U!

Fig. 2 Schematic of the flow control setup along the trailing edge.

of Reynolds number also increases the required momentum for altering the flow
physics since viscous effect inhibits the control effort.

4.2 Steady Forcing

As an example, post-stall flow around a rectangular wing of AR = 2 at α = 30'
is selected. Steady actuation modeled by Eq. 1 is introduced along the entire the
leading edge, midchord, or trailing edge and is directed upstream, sideways (span-
wise outward), or downstream all parallel to the surface of the wing. The steady
momentum coefficient is set to Cµ = 1% (and

!

Cµ
"

= 0).
The change in lift coefficient with the steady momentum injection is shown in

Figure 3. The controlled case with upstream blowing has been found to decrease lift
while downstream blowing has been observed to increase lift for the three actuator
positions shown. Interestingly, the momentum injection in the downstream direc-
tion along the midchord and trailing edge has been effective in enhancing the lift by
nearly double compared to the case without any flow control. In the case of mid-
chord actuation (downstream blowing), the separated flow reaches a steady state. At
higher Reynolds number, reduced viscous effect would however make this forced
flow prone to shedding.
We chose to further investigate the controlled case of downstream blowing ap-

plied along the trailing edge, which achieves the most amount of increase in lift. It
should be noted that lift is doubled although the flow is fully separated with leading-
edge vortices constantly shedding. Representative snapshots of the flow fields are
presented in Figure 4. Compared to the uncontrolled wake, the forced flow exhibits
formation of stronger tip vortices. The momentum injected downstream along the
trailing edge pushes the trailing-edge vortex sheet away from the wing avoiding in-
teractions with the leading-edge vortices. As the vortex sheet convects, it is rolled
into the tip vortices strengthening them. This in turn induces larger downward in-
duced velocity allowing for the low-pressure core of the leading-edge vortex to
reposition directly above the top surface of the wing and enhance lift in a signif-
icant manner. The lift enhancement mechanism by the change in vortex dynamics is
illustrated in Figure 5.
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Fig. 3 The change in lift coefficient with steady forcing applied along different chord-wise posi-
tions with Cµ = 1% for Re = 300, α = 30', and AR = 2. Shown are lift without control and with
control in the downstream, sideways/outward, and upstream directions.

This control setup has also been found to greatly enhance lift and lift-to-drag
ratio for a wide range of aspect ratios and angles of attack (i.e., 1 $ AR $ 4 and
10' $ α $ 40').

4.3 Oscillatory Forcing

Since the leading-edge vortices are observed to shed for the steadily forced flows
that achieve high lift, it is reasonable to question whether momentum needs to be
injected in a steady manner to an unsteady flow field. Here we continue to exam-
ine the base case of flow around a wing of AR = 2 at α = 30' but with oscilla-
tory forcing. The frequency of actuation f is normalized in terms of the uniform
natural shedding frequency fn for the periodic regime as discussed in Section 3
(St % csinα fn/U∞ & 0.12).
The wing experiences lift enhancement with oscillatory forcing (Eq. 2) as shown

in Figure 7 for actuation frequency f/ fn = 1. The momentum coefficients are se-
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Fig. 4 Wake vortices without control and with control applied along the trailing edge in the down-
stream direction for Re = 300, α = 30deg, and AR = 2. Momentum coefficients of Cµ = 1% for
steady forcing and Cµ = 0.5% and

!

Cµ
"

= 0.25% for oscillatory forcing are selected. Shown are
the vorticity (gray) and Q-criteria (aquamarine) iso-surfaces. Arrows indicate the flow direction.






















Fig. 5 Illustration of lift enhancement mechanism by wake modification.

lected here to be Cµ = 0.5% and
!

Cµ
"

= 0.25% for the oscillatory forcing and is
compared to cases with those using steady actuation with the same and double of
the of the momentum injection (Cµ = 1% and 0.5%, respectively).
The oscillatory actuation essentially injects momentum to let the trailing-edge

vortex sheet roll into the tip vortices while the leading-edge vortex is growing. As
the leading-edge vortex starts to pinch off, the actuator eases off hence saving up
on the necessary momentum input. Since the tip vortices retains their strengths even
when the actuator is winding down the trailing-edge vortex sheet is still rolled into
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Fig. 6 Lift history with and without control for AR = 2 and α = 30'. Shown are the cases with
oscillatory forcing (Cµ = 0.5% and

!

Cµ
"

= 0.25%) and steady forcing with (a) Cµ = 1% and (b)
Cµ = 0.5% applied along the trailing edge in the downstream direction. The baseline case without
forcing is also presented.

the tip vortices. Hence we still observe strong formation of tip vortices with oscilla-
tory forcing (Figure 4).
The influence of actuation frequency is examined in the range of 0.1$ f/ fn$ 10.

The resulting lift increase from the application of oscillatory forcing is summarized
in Figure 7. Substantial increase in lift is indeed observed for all forcing frequencies
considered here.
There are two ranges of frequency that exhibit further increase in lift, namely

near f/ fn & 0.75 and f/ fn & 1.1. The lift signal locks onto f/ fn = 0.75 and results
in a high-lift state with periodicity T . In the case of f/ fn = 1.1, the flow locks onto
a state with periodic doubling. The lift history is plotted against its own signal that
is shifted in time by the actuation period T . Three representative cases are presented
in Figure 8. Lock-on to a periodic orbit seems to be the key in achieving a high-lift
state with oscillatory forcing.When the flow field is not locked onto a periodic orbit,
such as in the case of f/ fn = 1.5 of Figure 8, the average lift takes values less than
those realized by the locked cases.
Hence it would be of interest to apply oscillatory forcing with frequency that

allows for the flow to lock onto periodic high-lift states with period T or 2T . At the
moment, the exact physics of how external forcing influences the wake dynamics
to result in a periodic state is not well understood, especially under the influence of
three-dimensional nonlinear vortex dynamics. The next step in research is to study
the mechanism of how lock-on to these favorable periodic orbits can be attained
as well as how the forcing frequency and amplitude may affect the periodic states
themselves.
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Fig. 7 Lift coefficients with oscillatory forcing for a range of actuation frequency (Cµ = 0.5% and
!

Cµ
"

= 0.25%). The average lift is represented by • shown between the maximum and minimum
values denoted by ! and *, respectively. Shaded region represents the range of oscillation. The
uncontrolled lift value is shown with the horizontal straight line with its corresponding range of
fluctuation in shade.
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Fig. 8 Lift trace plotted against it own signal shifted in time by the actuation period, T . The three
cases exhibit (left) lock-on with periodicity 1, (middle) lock-on with periodicity 2, and (right) no
lock-on. Black lines represent the lift history and gray circles are tracers plotted every period T in
time.

4.4 Towards Feedback Stabilization

The above results indicate that oscillatory forcing can provide a substantial increase
in lift, but that the effects can be very sensitive to parameters such as the frequency
and amplitude of the forcing. In order to achieve these effects more reliably, and
over a wider range of parameter values, feedback control is an attractive option. For
instance, one might embed a pressure sensor or shear-stress sensor in a wing, and
use this signal to “synchronize” the oscillatory forcing to lock on to a particularly
beneficial (e.g. high-lift) vortex shedding cycle. For instance, this idea has been
pursued in [12] to enhance lift for a two-dimensional flow over a flat plate, and
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actually demonstrated in experiments for drag reduction of the flow behind a bluff
body in [17].
Currently a feedback control investigation is being undertaken to utilize an ex-

tremum seeking algorithm [3] to find the optimal forcing frequency such that the
time-average lift is maximized [26]. The advantage of this approach is that the non-
linear Navier-Stokes solver is treated as a black box and no model is required in
the design of the controller (although if information is available, for instance about
the timescales of the relevant physics, it may be incorporated). A disadvantage is
that the controller can converge to a local optimum, and miss a higher-lift state, if it
exists. Preliminary results indicate that the closed-loop controller is able to estimate
the optimal forcing frequency ( f̂/ fn & 0.8) and enhance lift in a similar manner to
the case of open-loop control. Further studies are underway to design controllers
with better performance and with the capability to operate under freestream pertur-
bations.
Another reasonable control objective is then to identify a desirable (e.g., high-

lift) unstable periodic orbit that is present in the flow with open-loop oscillatory
forcing, and then to design a feedback controller to stabilize that periodic orbit.
If one wishes to use the flow physics to inform the control design, then reduced-
order modeling plays an important role, as the full state (flow variables at every grid
point) is too high-dimensional to be used with existing tools for control synthesis.
One approach to deriving reduced-order models in such a situation is discussed
in [14]: in this method, one first linearizes about a periodic orbit, and then forms a
reduced-order model using an approximate version of balanced truncation. Once a
tractable model is known for the flow in the vicinity of the desired periodic orbit,
standard control techniques can be used to obtain a stabilizing controller. Note that
the problem of stabilizing a periodic orbit, as discussed here, is more challenging
than that of stabilizing a steady state, for instance as done in [1].
While such a control design is beyond the scope of the present paper, the results

found here suggest that this may be a fruitful area for further study.

5 Summary

Applications of flow control were considered for three-dimensional post-stall flow
around a rectangular low-aspect-ratio wing at a low Reynolds number. Steady ac-
tuation modeled by momentum injection was introduced along the trailing edge in
the downstream direction to modify the vortex dynamics and enhance lift by uti-
lizing the resulting unsteady vortical forces. Oscillatory forcing is also considered
as the actuation input to the wake. It is demonstrated that sinusoidal actuation can
achieve increase in lift with reduced level of momentum injection. The controlled
flow locks onto periodic high-lift states for selected ranges of frequency. Lock-ons
to period-one and period-two orbits were observed with both states yielding high
lift. Ongoing work on stabilizing separated flow about such periodic high-lift states
was briefly discussed.
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