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Abstract— We present an approach to the design of feedback
control laws that stabilize the relative equilibria of general
nonlinear systems with continuous symmetry. Using a template-
based method, we factor out the dynamics associated with
the symmetry variables and obtain evolution equations in a
reduced frame that evolves in the symmetry direction. The
relative equilibria of the original systems are fixed points of
these reduced equations. Our controller design methodology
is based on the linearization of the reduced equations about
such fixed points. Assuming equivariant actuation, we derive
feedback laws for the reduced system that are optimal in the
sense that they minimize a quadratic cost function. The method
uses standard tools available from finite dimensional linear
control theory. We illustrate the method by stabilizing unstable
traveling waves of a dissipative PDE possessing translational
invariance: the Kuramoto-Sivashinsky equation with periodic
boundary conditions.

I. I NTRODUCTION

Relative equilibria are a particular type of solutions in
systems with continuous symmetry: they are steady states
in a frame of reference with the symmetry factored out. An
example is simple traveling waves arising in translational
invariant systems.

In the context of mechanical systems that arise from a
Lagrangian or a Hamiltonian, stabilization of relative equi-
libria has been an active topic of research [4], [5], [12], [7].
The control technique common to these works is the use of
either kinetic or potential shaping to modify the Lagrangian
in order to achieve the desired stability properties. Bloch
et al., [4] used kinetic shaping to achieve stability modulo
the symmetry and extended their work in [5] by including
potential shaping as well to achieve stability in the full space
by breaking the symmetry. Jalnapurkar and Marsden [12]
used potential shaping to stabilize internally unstable relative
equilibria. This work was extended in [13] to stabilize
relative equilibria in the full phase space. In both papers the
system could be internally under-actuated, that is, have fewer
internal actuators than the dimension of the shape space.
Bullo [7] considered systems on Riemannian manifolds and
achieved exponential stabilization in the full phase space.
The work used potential shaping to stabilize the subspace
orthogonal to the symmetry direction and exponential sta-
bility was achieved by adding dissipation. Such mechanical
systems have the advantage of a readily available Lyapunov
function which not only leads to stability results, but also
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naturally allows one to define the domains of stability. Even
though the stability achieved by this method is just Lyapunov
stability, it only takes the addition of dissipation to give
asymptotic stability.

Much previous work towards control of more general (not
necessarily mechanical) systems with symmetry focused on
linear systems. Brockett et al., [6] considered a system of
ODEs, arising upon discretization of certain PDEs, in which
the state and control matrices have a block circulant structure.
Their work exploited the symmetry to save computational
effort in solving system theoretic problems. Linear optimal
control problems with symmetry were studied by Lewis
and Martin [19] and Mozhaev [21], [22]. The latter showed
that such problems can be decomposed into several smaller
independent problems, the dimension of which sums to
that of the original system. Bamieh et al., [2] considered
the optimal control problem of linear, translation invariant
PDEs. They showed that the optimal feedback inherits the
spatial invariance and that it can be obtained by solving a
one-parameter family of finite-dimensional optimal control
problems. Also see the references listed in the introduction
of [2] for more information on this line of research.

Control of general nonlinear systems with symmetry was
first undertaken by Grizzle and Marcus [11]. They obtained a
decomposition of control systems in terms of of lower dimen-
sional subsystems, one evolving on the quotient space and
the other on the group space. Their work was based on the
abstract notion that the principal fiber bundle admits a cross-
section. The work of [11] was extended in [10] to decompose
the optimal control problem into similar lower-dimensional
factors. Rowley et al., [23] obtained a similar decomposition
for open loop systems, and in addition presented different
systematic procedures to define the quotient space for this
decomposition. All these methods involve decomposing the
dynamics into two components: one associated with the
symmetry variable called thegroup dynamics, and the second
associated with the shape of the solution called theshape
dynamics. A relative equilibrium is then fixed point of the
shape dynamics.

In this work, we adopt the framework presented in [24],
[23] to derive feedback laws that stabilize relative equilibria
of general nonlinear systems. In particular, we use what
the authors calledthe method of slicesor the template-
based method. The method involves choosing atemplate
function and defininga slice as the space that contains the
template and is orthogonal to the group direction through
the slice. Then, theshapeor theslice dynamicsare derived
such that they are restricted to the slice for all time. This
method is helpful for a number of reasons. First, the relative



equilibrium is just a fixed point of the slice dynamics, so
the control problem is much simpler in the reduced space.
Second, the slice defined as described above is actually a
vector space and this fact, as we will show, can be used
to readily obtain its state-space realization. Then, linearizing
the resulting dynamics about this fixed point allows us to use
standard tools from linear control theory.

II. FORMULATION

A. Reduction using the method of slices

We first briefly describe themethod of slicesintroduced
in [23] to obtain equations in a frame of reference in
which the symmetry of the system has been factored out.
More precisely, given dynamics on a manifoldM that are
equivariant to the action of a Lie groupG, the procedure
results in reduced dynamics that evolve on the quotient space
M/G.

Consider the evolution equations on ann−dimensional
manifold M

ż= X(z)+H(z)u
def
= X(z,u). (1)

whereu∈U are the control inputs,H(z) : U → TM are the
actuators, and dim(U) = m. Suppose that the dynamics of (1)
are equivariant to the action of ad-dimensional Lie group
G. The action ofG on M is Φg : M → M, on TM is TΦg :
TM → TM (that is, the tangent of the action onM), and
on U is Ψg : U → U . The equivariance of (1) implies that
∀z∈ M, ∀u∈U, and∀g∈ G,

X(Φg(z),Ψg(u)) = TΦg(X(z,u)). (2)

This in turn imposes the following conditions on the actua-
tors H(z):

H(Φg(z)) = TΦg◦H(z)◦Ψg, ∀g∈ G. (3)

In order to use the method of slices, we first decompose the
solutionz(t) of (1) and the inputu(t) as

z(t) = g(t) · z̃(t), u(t) = g(t) · ũ(t), (4)

where g(t), z̃(t), and ũ(t) are curves inG, M, and U
respectively. The above decomposition is to be chosen to
be so that ˜z(t) evolves on a subspace locally diffeomorphic
to M/G. Substituting (4) into (1) and using equivariance (2),
we obtain

˙̃z= X(z̃, ũ)−ξM(z̃), (5)

where, ξ (t) = g−1ġ is a curve in the Lie algebrag of G,
andξM : M → TM is the infinitesimal generator ofΦg in the
direction ξ . Refer to [23] for a detailed derivation of (5).
Note that the vector field (5) is the same as that of (1) with
an additional term subtracted. This additional term depends
on ξ (and hence ong), the choice of which so far has been
arbitrary. As discussed in [23], [3] there are several ways
to place a constraint onξ (t) such that the dynamics of ˜z(t)
are restricted to a subspace that is isomorphic toM/G – the
method of slices is one such way.

Next, we also need to assume thatM is a vector-space
and is endowed with an inner product denoted by〈·, ·〉. We
then choose atemplatez̃0 ∈ M and define aslice S̃z0 passing
throughz̃0 as follows:

S̃z0 = {z̃∈ M | 〈z̃− z̃0,ηM(z̃0)〉 = 0, ∀η ∈ g}. (6)

A geometric interpretation of the sliceS̃z0 is that it is the
subspace containing ˜z0 and orthogonal to the group orbit
throughz̃0. A physical interpretation of this method is given
in [24], [23].

The reduced dynamics are then obtained by restricting the
z̃(t) to lie in the sliceS̃z0, which is locally isomorphic to the
quotient spaceM/G [23]. Now, from the definition (6), we
have that restricting ˜z(t) to the slice is equivalent to imposing
the following condition on˙̃z: 〈 ˙̃z,ηM(z̃0)〉 = 0, ∀η ∈ g. This
gives a set ofd algebraic equations forξ (recall thatd =
dim(G)):

〈X(z̃, ũ)−ξM(z̃),ηM(z̃0)〉 = 0, ∀η ∈ g. (7)

Equations (5, 7) are thereducedor slice dynamicsof (1) and
are evolution equations for the shape variable ˜z(t). To get the
full solution z(t), we still needg(t), for which we have the
following reconstruction equations:

g−1ġ = ξ . (8)

The slice dynamics for the open loop equations are obtained
by simply setting ˜u = 0 in (5).

Note that the constraint (7) in general depends on the
control inputũ, which means thatξ (t) depends on ˜u. From
(8), we have thatg(t) depends onξ and hence on the control
input. Thus, in general, the control input affects the group
variable as well as the shape variable. We are particularly
interested in the way the control input splits between these
two variables.

B. Control objective

A fixed point of the slice dynamics of (1) with no control
is a relative equilibrium of the open loop dynamics. That is,
if z̃s is a fixed point of (5) with ˜u= 0, then the corresponding
solution of (1) is given byz(t) = g(t) · z̃s.

Our control objective can now be stated as follows. Sup-
pose that the given relative equilibrium is unstable. We want
to find feedback laws such that ˜zs is an asymptotically stable
fixed point of (5).

We assume that the closed loop vector field is affine in the
control input and that the given actuation is equivariant to
the group action. Then, we find feedback laws that minimize
a given quadratic cost function that is invariant to the group
action.

C. Linearization about a relative equilibrium

Here, we derive an expression for the linearization of
the slice dynamics about the fixed point in the slice. The
resulting expression is in the form ˙x = Ax+Bu, that is in a
form that enables us to use tools from linear control theory
such as pole placement and LQR for deriving feedback laws.



In order to derive the expression of the linearized slice
dynamics, it is helpful to use the fact that the infinitesimal
generatorξM(z) is linear inξ and can be expressed as:

ξM(z) = Y(z)ξ (9)

whereY(z) : g → TM has dimensionn×d. Since the slice
S̃z0 is a vector space, and since the slice dynamics (5, 7)
are constrained to evolve onS̃z0, the resulting linearized
dynamics are also constrained toS̃z0.

Using (9), the equation of the slice (6) simplifies as
follows:

〈z−z0,Y(z0)η〉 = 0, ∀η ∈ g, (10)

=⇒ Y∗(z0)(z−z0) = 0. (11)

whereY∗(z0) : TM → g is the adjoint ofY(z0). Thus, the
slice S̃z0 is the space of all vectorsz such thatz− z0 is in
the null space ofY∗(z0).

In what follows and in the rest if this paper, we will assume
that the template chosen to define the sliceS̃z0 is zs, that is
the fixed point of the slice dynamics.

With the form (9) of the infinitesimal generator, we can
obtain an explicit form forξ that appears in the slice
dynamics (5). Sinceξ satisfies (7), we have

〈X(z̃, ũ)−Y(z̃)ξ ,Y(z̃s)η〉 = 0, ∀η ∈ g. (12)

Thus, ξ =
(
Y∗(z̃s)Y(z̃)

)−1
Y∗(z̃s)X(z̃, ũ). (13)

Throughout we assumeY(z̃) to be full rank which implies
that (Y∗Y)−1 exists. Now we are ready to derive an expres-
sion for the linear dynamics in the neighborhood of the fixed
point zs. Let z̃= z̃s+w and ũ = 0+v, where‖w‖, ‖v‖ ≪ 1
are small perturbations about the fixed point and zero input.
Substituting (13) into (5) and using these expansions gives
(the derivation is not given here)

ẇ = PS̃zs

(
Dz̃X(z̃s,0)w+DũX(z̃s,0)v

)
(14)

− PS̃zs
Dz̃Y(z̃s)w

(
Y∗(z̃s)Y(z̃s)

)−1
Y∗(z̃s)X(z̃s,0)+O(2)

def
= PS̃zs

(Âw+ B̂v)+O(2). (15)

Here,PS̃zs
is the projection onto the sliceS̃zs, that is,

PS̃zs
= I −Y(z̃s)

(
Y∗(z̃s)Y(z̃s)

)−1
Y∗(z̃s). (16)

The dynamics of the linearization (15) clearly has an invari-
ant subspace that lives on the sliceS̃zs. That is it satisfies the
constraint (11) withz0 replaced byzs.

Our control design outlined in a later section is based on
the linear part of equations (15). In particular, we will use
LQR to derive optimal feedback laws that stabilize ˜zs.

1) Linearization about a fixed point:In the special case
of a relative equilibrium that is also a steady state of the full
dynamics (in which case a continuum of such steady states
exists), the linearized equations (15) take a much simpler

form. For this case, we haveX(g·zs) = 0, ∀g∈G. Using this,
we can easily show that the following diagram commutes:

ż= X(z,u)
lin. aboutzs−−−−−−−−−→ ẇ = Aw+Bv

↓ slice dynamics ↓ PS̃zs
(17)

˙̃z= X(z̃, ũ)−ξM(z̃)
lin. aboutzs−−−−−−−−−→ ẇ = PS̃zs

(Aw+Bv).

In other words, the linearization of the slice dynamics about
its fixed point is the same as the projection of the linearized
original dynamics (about the same point) onto the slice
defined with that fixed point as a template.

D. Optimal control with equivariant actuation

In this section, we use the linearized slice dynamics (15)
to derive optimal feedback laws that asymptotically stabilize
the relative equilibria. First, we find the feedback laws for
the reduced dynamics and then we derive the form that these
laws take in the full space.

Note that the linearization of the slice dynamics (15)
identically satisfy the constraint (11), withz0 replaced by
zs. That is,Szs is an (n−d)-dimensional invariant subspace
of (15), and it is the dynamics on this subspace that we want
to control (here, to stabilize).

1) State-space realization:Equations (15, 11) constitute a
system of Differential Algebraic Equations (DAEs), and the
control of such systems has been extensively studied; see
[8], [16], [17] and the references therein for examples. Here,
we adapt the approach taken in [16] and [17], which involves
obtaining an equivalent state-space realization of the linear
DAEs which can then be handled by standard tools from
linear control.

In order to find an equivalent state-space realization of (15,
11), we simply use the constraint equation (11) to eliminate
d equations from (15) and derive feedback laws based on
the remainingn−d equations.

We now formalize the way to obtain a state-space re-
alization of (15, 11). First, we writew = (ws,wg), where
dim(ws) = n−d and dim(wg) = d. Then the equations (11)
can be written as

(
Y∗

s (z̃s) Y∗
g (z̃s)

)
︸ ︷︷ ︸

Y∗(z̃s)

(
ws

wg

)
= 0. (18)

Here,Y∗
s has dimensionsd× (n−d) andY∗

g has dimensions
d×d. The splittingw = (ws,wg) is chosen such thatY∗

g (z̃s)
is invertible, so that we can expresswg in terms ofws. This
can always be done asY(z̃s) has full rank. Thus, we have

wg = −(Y∗
g (z̃s))

−1Y∗
s (z̃s)ws

def
= Λws. (19)

Then, the state space realization is obtained by substituting
(19) in the ˙ws equations in (15).

2) Controllability: A simple check for controllability of
the subspaceS̃zs is as follows. Construct the controllability
test matrix corresponding to the pair(PS̃zs

Â,PS̃zs
B̂) of (15):

C = PS̃zs

[
B̂ (ÂPS̃zs

)2B̂ . . . (ÂPS̃zs
)n−1B̂

]
. (20)



Since the span ofC defines the controllable subspace of
(15), the sliceS̃zs is a controllable subspace of (15) iff
rank(C) = n− d. Since C is independent of the splitting
(18), controllability of the slice is also independent of this
splitting. However, in general, controllability depends on the
template chosen to define the slice.

3) Optimal feedback design:We seek (z, u) that sat-
isfy the original equations (1) and minimize the following
quadratic cost functional:

J[z,u] =
∫ ∞

0
〈z−g· z̃s,Q(z−g· z̃s)〉+ 〈u,Ru〉dt (21)

whereQ : M → M and R : U → U are positive definite and
equivariant to the action ofG. Here,g is as defined in the
reconstruction equation (8); it is the action that alignsz with
the slice atzs. Substitutingz= g· z̃ andu = g· ũ in (21) and
using equivariance ofQ, R gives the cost function in the
variables describing the slice dynamics (˜z, ũ). Then, using
z̃= z̃s+w and ũ = v gives the cost function in the variables
(w,v):

J[w,v] =
∫ ∞

0
〈w,Qw〉+ 〈v,Rv〉dt. (22)

Thus, the problem of finding an optimal feedback law is the
same as finding (w(t),v(t)) that satisfy (15, 11) and minimize
J[w,v].

As in the previous section, to obtain the state-space
realization we use the constraint (18) to eliminatewg from
the cost function; that isJ[(ws,wg),v] = J[(ws,Λws),v]. If
the controllability condition is satisfied, we have a standard
result from linear systems theory that there exists an optimal
feedback lawv = K̃ws that minimizes the cost (22), now
expressed asJ[ws,v]. Further, the feedback gaiñK is obtained
by solving an appropriate(n− d)-dimensional algebraic
Riccati equation. This is in accordance with the work of [8]
which considered the problem of finding an optimal feedback
law for linear DAEs of the formEẋ = Ax+Bu, whereE is
singular.

Finally, the feedback law can be expressed in the original
variablesw by expressingws in terms ofw.

ws = (I +Λ∗Λ)−1(I Λ∗
)

w
def
= Γw. (23)

Substituting (23) inv=−K̃ws gives the feedback law in the
original variables,v = −K̃Γw := −Kw.

4) Form of feedback in the original frame:Now we derive
the form that the feedback lawv = −Kw takes place in the
original framework, that is (1). We have

ũ = −Kw = −K(z̃− z̃s) (24)

∴ Ψ−g(u) = K(Φ−g(z)−zs) using (4) (25)

or u = Ψg◦K(Φ−g(z)−zs). (26)

Here,g(t) is given by solving the reconstruction equation (8)
and it represents “translation” ofz to the sliceS̃zs.

III. E XAMPLES

A. Planar ODE with rotational symmetry

First, we consider a simple planar, rotationally invariant
system and derive feedback laws to stabilize an unstable limit
cycle.

We consider (1) to be a system of ODEs onM = R2 with
the symmetry group acting onM being G =SO(2). Then,
for z∈ R2 andRθ ∈SO(2), whereRθ is rotation through an
angleθ ∈ [0,2π), the group action isΦθ (z) = Rθ z. Since this
action is linear,TΦθ = Φθ , and equivariance of (1) implies
that X(Rθ z) = Rθ X(z).

We consider the following particular example, wherez=
(x,y):

ẋ = −x−y+x
√

x2 +y2, (27)

ẏ = x−y+y
√

x2 +y2. (28)

In polar coordinates(r,θ), the above equations are:

ṙ = r2− r, θ̇ = 1. (29)

This system hasr = 1 as an unstable limit cycle or a relative
equilibrium, which we want to stabilize.

Equivariant actuation. Suppose thatu∈U = R2 and that
the action ofG on U is Ψθ = Φθ . Equivariance ofH(z) (3)
then implies thatH(z)Rθ = Rθ H(z). That is,H(z) is of the
form:

H(z) =

(
a(r) −b(r)
b(r) a(r)

)
∀z∈ R

2, (30)

wherer =
√

x2 +y2. The infinitesimal generator ξM(z) can
be found by differentiating the actionΦθ (z) with respect to
θ at θ = 0:

ξM(z) = ξ
(

0 −1
1 0

)
z

def
= ξ Jz, (31)

whereξ = θ̇(0) ∈ g = R is an element of the Lie algebra of
G. Comparing with (9), we note thatY(z) = Jz.

Next, we define thesliceSz. Let the templatezs be a point
on the limit cycler = 1, that iszs = (cosβ ,sinβ ), for some
β ∈ [0,2π). Then the sliceSzs is given by (11)

Y∗(zs)(z−zs) = 0 (32)

or
(
cβ sβ

)
J

T(z−zs) = 0 (33)

or −sβ x+cβ y = 0. (34)

Here,sβ = sinβ andcβ = cosβ . Equation (34) represents a
straight line through the origin andzs.

The slice dynamicscan be obtained by writingz= Rθ z̃,
and u = Rθ ũ, where z̃∈ S̃zs. From figure 1, we see thatθ
is a rotation ofz to the straight line defined by (34). The
resulting equations for ˜z are:

˙̃z= X(z̃)+H(z̃)ũ−ξ J z̃, (35)

whereξ is given by (15). The expression forξ is

ξ =
〈X(z̃)+H(z̃)ũ,Jz̃s〉

〈Jz̃,Jz̃s〉
, (36)
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Fig. 1. Planar rotationally invariant system.

where〈a,b〉 = aTb = bTa. A projection onto the slice Szs

is the same as a projection onto the vector(cβ ,sβ ):

PS̃zs
=

(
c2

β cβ sβ
cβ sβ s2

β

)
. (37)

Now we proceed to linearize (35, 36) about its fixed point
z̃s by writing z̃ = z̃s + w. We calculate the various terms
appearing in (15):

A = Dz̃X(z̃s,0) =

(
c2

β −1+cβ sβ
1+cβ sβ s2

β

)
,

B = DũX(z̃s,0) = H(z̃s),

A1w = Dz̃Y(z̃s)w
(
Y∗(z̃s)Y(z̃s)

)−1
Y∗(z̃s)X(z̃s) = Jw.

The linearized slice dynamicsare then,

ẇ = PS̃zs
(Aw−A1w+Bu) (38)

or

(
ẇx

ẇy

)
=

(
c2

β cβ sβ
cβ sβ s2

β

)(
wx

wy

)
(39)

+

(
cβ (acβ +bsβ ) cβ (−bcβ +asβ )
sβ (acβ −bsβ ) sβ (−bcβ +asβ )

)
u

wherea(z̃),b(z̃) are evaluated at ˜zs. Clearly, (39) satisfy the
constraint (34). So, we use (34) orwy = tanβwx in (39) to
eliminate ˙wy and get an equation for only ˙wx:

ẇx = wx +
(
cβ (acβ +bsβ ) cβ (−bcβ +asβ )

)
v

def
= Aswx +Bsv. (40)

Now, we can check whetherSzs is a controllable subspace
of (39) or (40). The controllability test matrix for (39) is

C =
[
PS̃zs

B PS̃zs
(A−A1)PS̃zs

B
]

(41)

= PS̃zs

[
B B

]
sinceA−A1 = PS̃zs

. (42)

For controllability of S̃zs, rank of C should be 1. Since the
rank of B can be either 0 or 2, this holds only whenB has
full rank or when eithera(z̃s) or b(z̃s) is non-zero.

Optimal control design. Invariance of the cost function
(21) to the group action imposes a restriction onQ, R, which

is the same as that onH(z̃). But since they also have to
be symmetric,Q, R can only be multiples ofI . We choose
Q = R= I . Then, usingwy = tanβ in (22),

J[w,v] =

∫ ∞

0
(w2

x +w2
y)+vTvdt (43)

=
∫ ∞

0
(sec2 β )w2

x +vTvdt. (44)

The LQR problem to be solved is: Find(wx,v) that minimize
(44) and satisfy (40). Then, the 1−D Riccati equation to be
solved is

(a2 +b2)c2
β M2−2M−sec2 β = 0 (45)

=⇒ M =
1+
√

1+(a2 +b2)

a2 +b2 sec2 β . (46)

Then, K̃ = R−1BsM = BsM and the feedback law isv =
−K̃wx, where, as in (23),wx can be expressed in terms of
w:

ws = (1+ tan2 β )−1[1 tanβ
]
w

=
[
c2

β cβ sβ

]
w

def
= Γw. (47)

Finally, the feedback law in terms of thew is

v = −BsMΓw

= −Mc2
β

(
cβ (acβ +bsβ ) sβ (acβ +bsβ )

cβ (−bcβ +asβ ) sβ (−bcβ +asβ )

)
w

def
= −Kw. (48)

As shown in (26), the feedback law in the original framework
is u = −Rθ K(R−θ z−zs) where−θ is the angle of rotation
to the slice (refer to figure 1). The closed loop system in
polar coordinates is then,

ṙ = −r + r2−κ(r −1), θ̇ = 1, (49)

with κ = 1+
√

1+(a2 +b2). This may appear an extremely
convoluted way to design an obvious controller, but it serves
to illustrate the mathematical machinery in a transparent
example -in which, furthermore, the control action does not
affect group variables, just shape variables. In our next,
nontrivial example, the control will have a component in
the group direction as well.

B. Numerical example: Kuramoto-Sivashinsky equation

Here, we illustrate our control methodology using a more
complicated example. We consider a dissipative PDE, the
Kuramoto-Sivashinsky (K-S) equation

zt = −zzx−zxx−νzxxxx := X(z), x∈ [0,2π), (50)

with periodic boundary conditions. That is,z∈M = L2[0,2π],
the space of 2π-periodic, square integrable functions. This
system is translation invariant, that is equation (50) is
equivariant under the action of the additive groupG= (R,+).
The group action is given byΦg(z(x)) = z(x+g) andTΦg =
Φg. The infinitesimal generator is obtained by differentiating
Φg(t)(z) with respect tot at t = 0:

ξM(z) = ξzx, whereξ = ġ(0) ∈ R. (51)



Physically,ξ is the speed of traveling in the group direction.
The K-S equation exhibits complex dynamics for different

values of the viscosity parameterν . Here, we restrict our
attention to two different values ofν , for which the relative
equilibria are unstable. Forν = 4/20, the equation possesses
an unstable traveling wave (actually two of them, one left-
and one reflection-symmetric right-traveling one), while for
ν = 4/15, the equation possesses a ring of unstable spatially
nonuniform steady states. Transients are attracted to a ho-
moclinic loop atν = 4/20 and to a stable traveling wave
at ν = 4/15; see [15]. Our goal to find feedback laws that
stabilize the unstable solutions at these parameter values.

Recall that our control design methodology assumes that
the given system is finite-dimensional, whereas the K-S equa-
tion is a PDE and hence infinite-dimensional. So, we base our
control design on a finite dimensional ODE approximation
of (50) obtained using a Galerkin’s projection onto the 2π-
periodic Fourier modes. Such an approach for control design
of PDEs is very common (for example, see [1] and the
references therein) and is justified by the existence of a
low-dimensional inertial manifold for the KS [14]. We note
that the feedback control problem of the K-S equation was
considered in [1], [20], [18]; the focus in these works was
on stabilization of the zero solution.

First, we obtain a finite-dimensional ODE approximation
of (50). For that, we decomposez(x, t) into its Fourier modes:

z(x, t) =
∞

∑
k=−∞

ck(t)exp(ikx), ck = ak + ibk, c−k = c∗k. (52)

Here, we consider only solutions with a zero spatial mean;
that is c0 = 0. Substituting (52) in (50) and performing a
Galerkin projection results in an infinite set of ODEs for
ck. The actionΦg(z(x)) then translates to an action on the
Fourier coefficientsck as Φg(ck) = eikgck, k = 0,1, . . . ,∞. A
finite-dimensional approximation of this system is obtained
by truncating the set of ODEs at an ordern, which forms
the basis of our control design.

The closed loop system considered here is:

ż= X(z)+
m

∑
k=−m

uk(t)exp(ikx), u−m = u∗m, u0 = 0. (53)

That is, the actuators are the firstm Fourier modes, and the
control inputs essentially prescribe the amplitudes of these
modes. The actionΨg on the control inputsuk is the same
as the action on the Fourier coefficientsck. From (5, 51), the
slice dynamics of (53) are:

˙̃z= X(z̃)+
m

∑
k=−m

ũk(t)exp(ikx)

︸ ︷︷ ︸
Ũ

−ξ z̃x (54)

wherez̃(x, t) = z(x+g, t) lies in the sliceS̃zs andũk = e−igkuk.
If z̃s is the template, the sliceS̃zs is defined as the set of ˜z
such that:

〈z̃− z̃s, z̃
′
s〉 = 0 (55)
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Fig. 2. ν = 4/20. Fixed point of the slice dynamics corresponding to the
unstable traveling wave (solid line) and the initial conditions (dashed line).

where 〈·, ·〉 is the L2−inner product and prime denotes
differentiation with respect tox. Sincez̃ lies in the sliceS̃zs,
the speedξ in (54) is (analogous to (13))

ξ =
〈X(z̃)+Ũ , z̃′s〉

〈z̃′, z̃′s〉
(56)

=
〈X(z̃), z̃′s〉
〈z̃′, z̃′s〉

+
〈Ũ , z̃′s〉
〈z̃′, z̃′s〉

def
= ξo +ξc. (57)

Thus,ξo andξ are the open and closed loop speeds respec-
tively, andξc is the speed due to the control input.

Before presenting the results of our control design, we
make a remark. In order to obtain the feedback laws, we
choose the template function to be the fixed point of the
slice dynamics itself. Clearly, we first need to calculate this
fixed point, for which we proceed as follows. We choose
an arbitrary template functionz0 and use Newton’s method
to find the fixed point of the slice dynamics thus obtained.
Note that the Jacobian at each step of the Newton’s iteration
will be singular because of translation invariance. However,
we have an additional constraint that each iteration should
belong to the sliceSz0. We use this constraint to reduce
the number of unknowns in the Newton’s iteration by one.
This constraint is similar to the phase condition used in [9]
to tackle the issue of a singular Jacobian while computing
periodic solutions of ODEs.

1) Results: First, we considerν = 4/20 and stabilize
unstable traveling waves. We consider the actuator to be
simply the first Fourier mode, that is,m= 1 and the control
term is u1eix. We derive a feedback law that minimizes
the cost function (21). For convenience, here and in what
follows, we chooseQ andR to be identity matrices. In order
to derive the feedback law, we need to evaluate various
terms in the linearized slice dynamics (15), which we do
numerically. The controllability tests mentioned in section II-
D.2 are satisfied in this case. The resulting LQR problem
is 2n− 1 dimensional and is solved in Matlab using the
commandlqr. The eigenvalues of the linearized open-loop
slice dynamics include a complex conjugate pair in the right
half complex plane. Both the open and closed loop cases
have one eigenvalue at the origin, which corresponds to
translation invariance. The results are presented in figures 2-
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Fig. 3. Stabilized traveling wave solution forν = 4/20 with the control termu1 sinx+u2 cosx. Control switched on att = 15. Figure (a) shows the control
inputs u1 and u2. Figure (b) shows that theL2−error ‖z̃− z̃s‖2 decays to zero. Figure (c) shows the open loop speedξo, the contribution of the control
term to the speedξc, and their sum which is the closed loop speedξ .
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Fig. 4. Space-time plot ofz(x, t) for the case described in figure 3 showing
convergence to a traveling wave. A contour plot is also shownat the base.

4. The initial condition shown in figure 2 is chosen to be
a small perturbation of the traveling wave. As shown in
figure 3a, the control is initially kept off untilt = 15. Since
the traveling wave is unstable, this causes the perturbations
to grow and as seen in figure 3b, the residual‖z̃− z̃s‖2

initially diverges away from 0; once the control is turned
on, it starts to decay. Figure 3c shows the evolution of the
closed loop speedξ as well as the contribution of the control
input to it, ξc. This contribution is initially non-zero, which
means that the optimal control has a non-zero component in
the group direction. However, as the dynamics approach the
right shape,ξc goes to zero asymptotically. This means that
the dynamics approach the correct open loop speed of the
traveling wave. Thus, the controller stabilizes the traveling
wave to the right shape and speed. Figure 4 is a 3-D plot of
the spatiotemporal evolution ofz(x, t) and shows convergence
to a traveling wave.

Now, we consider the case ofν = 4/15 and stabilize
unstable, spatially nonuniform steady states of the KS. The
linearization of open loop dynamics has one eigenvalue in
the right-half of the complex plane. Note that, because of
translation invariance, there actually exist a one-parameter
family of steady states given by a translation of ˜zs (which
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Fig. 5. ν = 4/20. Fixed point of the slice dynamics corresponding to the
unstable steady state (bold solid line) and the initial conditions (others).
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Fig. 6. ν = 4/15. Control term same as in figure 3, switched on att = 20.
Plot of g vs. t for the different initial conditions shown in figure 5. Clearly,
the dynamics converge to different translations of ˜zs depending on the initial
condition.

is a fixed point of the slice dynamics). We demonstrate that
different initial conditions in general converge to a different
translation of ˜zs. Again, the actuator is the first Fourier mode
eix and the controllability tests are satisfied. The results are
presented in figures 7 for which the initial condition is the
dashed line shown in figure 5. The control is turned on at
t = 20. Figure 7b shows convergence to the right shape.
Figure 7c shows that the speedsξ and ξc approach zero,
implying convergence to a steady state. Non-zero transients
for ξc show that the control again has a non-zero component
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Fig. 7. ν = 4/15. Plots similar to figure 3 with the same control term, switchedon at t = 20. The dynamics converge to a steady state.

in the group direction.
Figure 6 shows the evolution ofg, which represents the

shift of z(x, t) that aligns it with the sliceS̃zs. The plots
are shown for different initial conditions shown in 5 and
represented by the corresponding line style. All the plots
converge to a constant value ofg which means convergence
to a constant, but different, translation of ˜zs. Furthermore, the
initial conditions in dots is simply a translation by 2 units
of that in dashes. Correspondingly, the closed loop dynamics
converge to steady states that are the same translation of each
other.

IV. CONCLUSIONS

We have presented a method to stabilize relative equilibria
of general nonlinear systems with symmetry. The template-
based technique of [23], [24] was used to derive equations
in a symmetry reduced frame. As the relative equilibria
are fixed points in this frame, simple tools from linear
systems theory could be used to derive feedback laws and
to determine controllability. The reduced dynamics have
an invariant subspace orthogonal to the group orbit to the
chosen template and it is only this subspace that we require
to be controllable. The resulting control can be shown to
be independent of the template chosen, provided that the
template is a group shift of the relative equilibrium. We used
LQR to derive optimal feedback laws and demonstrated with
a numerical example that, in general, the optimal control law
has a component in both the group and the shape directions.

This work was supported by the AFOSR and an NSF/ITR
grant of I. G. K. and the NSF career grant CMS-0347239 of
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